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Motivation
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•We need these characteristics for modelling  
oscillatory networks

•We need the phase and amplitude response to  
optimise control of oscillatory dynamics



Analysis of oscillatory systems
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• Active analysis vs. passive analysis

• Model-based analysis vs. non-model-based one 



Analysis of oscillatory systems

4

• Active analysis vs. passive analysis

• Model-based analysis vs. non-model-based one 

 Passive analysis:  we observe the system under  
  free-running conditions

 Active analysis:  we perturb the system by a  
  specially designed perturbation and look for the 
  response



Analysis of oscillatory systems
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• Active analysis vs. passive analysis

 Non-model-based:  no assumption about the  
  origin of the signal  
  (an example: spectral analysis)

 Model-based:  the validity of the technique  
  crucially depends on the assumption about the  
  system under investigation 
  (an example: coupling function reconstruction  
  assumes that the signals come from interacting  
  self-sustained oscillators)

• Model-based analysis vs. non-model-based one 



Analysis of oscillatory systems
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• Active analysis vs. passive analysis

• Model-based analysis vs. non-model-based one 

We present an active analysis technique based  
on the model of self-sustained oscillators



Self-sustained oscillators
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Active oscillators
Biology: systems generating endogenous rhythms

Systems of this class:
1

2

3

4

generate stationary oscillations without periodic forces

are dissipative nonlinear systems

are described by autonomous differential 
equations

are represented by a limit cycle 
in the phase space



Self-sustained oscillator: limit cycle and phase
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Phase is a variable that describes 
the motion along the limit cycle

and can be introduced:

1. on the limit cycle


2. in the basin of attraction of the limit cycle

Phase is defined to obey the condition ·φ = ω = 2π/T
x2

x1
Stable limit cycle: an attractive  
closed curve in the phase space



Phase dynamics: the phase sensitivity function
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Suppose the oscillator is driven by 
weak perturbation p(t)  

Phase Sensitivity function, or 
Phase Response Curve (PRC)

Then ·φ = ω + Z(φ)p(t)

p(t)

Phase dynamics equation in the Winfree form

• PRC is a basic characteristic of a limit-cycle oscillator 

• PRC description is widely used, e.g. in neuroscience
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PRC quantifies response (phase shift) of an oscillator to a perturbation  

Example: human circadian cycle

• Delay region: evening light shifts  
sleepiness later and

• Advance region: morning light  
shifts sleepiness earlier.

(Wikipedia; Kripke & Loving, 2001)

Example: neural PRCs

(Scholarpedia)

Phase response curve: examples

2⇡ 2⇡
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PRC determination

Traditional approach to PRC 
determination: repeated 
stimulation of an isolated 
oscillator by short pulses

(Picture from Scholarpedia)
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This works well with neuronal system that are well-described by  
integrate-and-fire models
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Generally, one has to follow several periods after the kick
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(PRC is typically normalized by the amplitude of the kick)

PRC determination II
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PRC determination: problems

• The standard approach requires narrow pulses that  
reasonably approximate Dirac’s delta function; 
however, in biological applications, the pulses frequently  
must be charge-balanced 

We need a technique for re-computation  Z𝒫(φ) → Z(φ)

blue area=yellow area

t0

Pulse 𝒫(t − t0)

We denote theoretical PRC (response to Dirac’s delta) as Z(φ)

We denote effective PRC (response to arbitrary ) as 𝒫 Z𝒫(φ)



14

PRC determination: problems

• The standard approach requires narrow pulses that  
reasonably approximate Dirac’s delta function; 
however, in biological applications, the pulses frequently  
must be charge-balanced 

We need a technique for re-computation  Z𝒫(φ) → Z(φ)

blue area=yellow area

t0

Pulse 𝒫(t − t0)

We denote theoretical PRC (response to Dirac’s delta) as Z(φ)

We denote effective PRC (response to arbitrary ) as 𝒫 Z𝒫(φ)

… and we provide it!
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PRC determination: problems II

• The standard approach works well if the signal has  
well-defined marker events that can be assigned a  
specific phase value

We need a technique for arbitrary  
stimulation’s and signal’s shape

Filtered tremor data from B. Duchet et al.
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B. Duchet et al, J. Math. Neurosci. 10, 4 (2020)

Stimulation by bursts of pulses

Amplitude changes due to stimulation

Weakly stable limit cycle

PRC determination: problems II
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PRC determination: problems II

• The standard approach works well if the signal has  
well-defined marker events that can be assigned a  
specific phase value

We need a technique for arbitrary  
stimulation’s and signal’s shape

Filtered tremor data from B. Duchet et al.
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PRC determination in the context of 
Deep Brain Stimulation (DBS)

•Fitting sine-wave before and after the stimulus

Both techniques have never been tested on models with known PRC

A. Holt et al,  PLoS Comput. Biol. 12, e1005011 (2016)
A. Holt and T. Netoff, J Comput Neurosci 37, 505 (2014)

•Using Hilbert Transform (HT) to evaluate phase  
(and amplitude) variation due to the pulse

B. Duchet et al, J. Math. Neurosci. 10, 4 (2020)

We need test models

We need a measure of goodness of the PRC determination
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Amplitude response - an unexplored problem

• Irrelevant for neuron-like systems (relaxational oscillators, 
strongly stable limit cycle); no effect of simulation on the 
amplitude

• Highly relevant in the context of DBS, where the goal of the 
stimulation is to suppress the oscillation, i.e., to affect the  
amplitude. This is possible for a weakly stable cycle only.

• Ad hoc approach (B. Duchet et al.): to compute the amplitude  
response curve as , where  is 

the instantaneous amplitude obtained via HT

A(φ) = aafter pulse/abefore pulse a(t)

• The main problem is the amplitude’s definition



Tests of known techniques: Hilbert-based
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Hilbert transform is non-local, it is known to work poorly 
with pulse perturbation, here is the test for the SL system 



Tests of known techniques: Hilbert-based
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pulse
true amplitude HT amplitude

signal



Tests of known techniques: Hilbert-based
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pulsetrue phase

HT phase



Hilbert-based technique: summary
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- can be improved (not shown), but remains imprecise

- the results depend on the observable (not shown)

- works only with nearly harmonic signals



Tests of known techniques: sine-fitting
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- works only with nearly harmonic signals
- is imprecise - requires long time series 

fit over 3 
periods

theory for  
SL system



Phase - isostable variable representation
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For an autonomous 2-dimensional system: 
·φ = ω , ·ψ = κψ

Isostable variableFloquet exponent

For a perturbed system (1st approximation!): 

·φ = ω + Z(φ)p(t) , ·ψ = κψ + I(φ)p(t)

Isostable response curve (IRC)
The description applies to multidimensional systems if  
relaxation in one direction is much slower than in others 

  quantifies deviation from the limit cycleψ

For details, see Wilson and Moehlis, PRE 94, 052213 (2016) 
Wilson and Ermentrout, SIAM J on Appl Dyn Sys 17, 2516 (2018) 
Wilson, PRE 99, 022210 (2019) 



Phase - isostable variable representation
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For an autonomous 2-dimensional system: 
·φ = ω , ·ψ = κψ

Isostable variableFloquet exponent

·φ = ω + Z(φ)p(t) , ·ψ = κψ + I(φ)p(t)

Isostable response curve (IRC)

  quantifies deviation from the limit cycleψ

We present an algorithm for inferring these equations  
from an observation of the perturbed system

For a perturbed system (1st approximation!): 
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Computing PRC from a known input

,

We perturb the oscillator by the pulse train p(t) = ∑
k

𝒫(t − tk)

We define events via thresholding, e.g., x(t) = xthreshold, ·x > 0

We adapt our approach from  
Rok Cestnik & M. R. Sci Rep 8, 13606, 2018

time

tm�1
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Tm
<latexit sha1_base64="neacJt55jlm5x0JJA2Koo/sOBIM=">AAAB9nicbVDLSsNAFL2prxpfVcGNm2ARXJXEjS6Lbly20LSFNtTJZNIOncyEmYlYQr/BrW7ciVt/RxC/xUnbhbYeuHA4577DlFGlXffTKq2tb2xulbftnd29/YPK4VFbiUxi4mPBhOyGSBFGOfE11Yx0U0lQEjLSCce3hd95IFJRwVt6kpIgQUNOY4qRNpLfGuTJdFCpujV3BmeVeAtSrZ80v+8BoDGofPUjgbOEcI0ZUqrnuakOciQ1xYxM7X6mSIrwGA1Jz1COEqKCfLbs1Dk3SuTEQprg2pmpvytylCg1SUKTmSA9UsteIf7n9TIdXwc55WmmCcfzQXHGHC2c4nInopJgzSaGICyp2dXBIyQR1uY/tt0PBYuKruYd3vLxq6R9WfPcmtf0qvUbmKMMp3AGF+DBFdThDhrgAwYKT/AML9aj9Wq9We/z1JK1qDmGP7A+fgB02JST</latexit><latexit sha1_base64="7ORui8K11jo1wMATaZIiuNOVDM0=">AAAB9nicbVBNSwJBGJ61L7MvK+jSZUiCTrLbpY5il44Krgq6yOzsrA7OxzIzG8nib+hal27RKehH9CeC6Lc0qx5Ke+CFh+d5v8OEUW1c99MprK1vbG4Vt0s7u3v7B+XDo7aWqcLEx5JJ1Q2RJowK4htqGOkmiiAeMtIJxze537kjSlMpWmaSkICjoaAxxchYyW8NMj4dlCtu1Z0BrhJvQSq1k+Y3fat/NAblr34kccqJMJghrXuem5ggQ8pQzMi01E81SRAeoyHpWSoQJzrIZstO4blVIhhLZUMYOFN/V2SIaz3hoc3kyIz0speL/3m91MTXQUZFkhoi8HxQnDJoJMwvhxFVBBs2sQRhRe2uEI+QQtjY/5RK/VCyKO9q3+EtH79K2pdVz616Ta9Sq4M5iuAUnIEL4IErUAO3oAF8gAEFD+ARPDn3zrPz4rzOUwvOouYY/IHz/gPXcZZP</latexit><latexit sha1_base64="7ORui8K11jo1wMATaZIiuNOVDM0=">AAAB9nicbVBNSwJBGJ61L7MvK+jSZUiCTrLbpY5il44Krgq6yOzsrA7OxzIzG8nib+hal27RKehH9CeC6Lc0qx5Ke+CFh+d5v8OEUW1c99MprK1vbG4Vt0s7u3v7B+XDo7aWqcLEx5JJ1Q2RJowK4htqGOkmiiAeMtIJxze537kjSlMpWmaSkICjoaAxxchYyW8NMj4dlCtu1Z0BrhJvQSq1k+Y3fat/NAblr34kccqJMJghrXuem5ggQ8pQzMi01E81SRAeoyHpWSoQJzrIZstO4blVIhhLZUMYOFN/V2SIaz3hoc3kyIz0speL/3m91MTXQUZFkhoi8HxQnDJoJMwvhxFVBBs2sQRhRe2uEI+QQtjY/5RK/VCyKO9q3+EtH79K2pdVz616Ta9Sq4M5iuAUnIEL4IErUAO3oAF8gAEFD+ARPDn3zrPz4rzOUwvOouYY/IHz/gPXcZZP</latexit><latexit sha1_base64="a9eEHncooX+CEXIdjEyPf4O1HD4=">AAAB9nicbVA9T8MwEL2UrxK+CowsFhUSU5WwwFjBwlikpq3URpXjuK1V24lsB1FF/Q2ssLAhVv4OEj8Gp80ALU+y9PTe3fnuRSln2njel1PZ2Nza3qnuunv7B4dHteOTjk4yRWhAEp6oXoQ15UzSwDDDaS9VFIuI0240vSv87iNVmiWybWYpDQUeSzZiBBsrBe1hLubDWt1reAugdeKXpA4lWsPa9yBOSCaoNIRjrfu+l5owx8owwuncHWSapphM8Zj2LZVYUB3mi2Xn6MIqMRolyj5p0EL93ZFjofVMRLZSYDPRq14h/uf1MzO6CXMm08xQSZYfjTKOTIKKy1HMFCWGzyzBRDG7KyITrDAxNh/XHUQJj4upNg5/9fh10rlq+F7Df/DrzdsymCqcwTlcgg/X0IR7aEEABBg8wwu8Ok/Om/PufCxLK07Zcwp/4Hz+ANM/kq4=</latexit>

tm+1
<latexit sha1_base64="Vcmrye9AJ5+kcAg9msjTR20He34=">AAAB+HicbVC7SgNBFL0bX3F9RS1tVoMQEMKOjZZBG8sI5gHJEmZnJ8mQmdllZlaISz7CVhs7sfUL/A3B37B3NkmhiQcuHM657zDhTBvf/3QKK6tr6xvFTXdre2d3r7R/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHF3nfuueKs1ieWfGCQ0EHkjWZwQbK7VMLxNnaNIrlf2qP4W3TNCclGvHle8PAKj3Sl/dKCapoNIQjrXuID8xQYaVYYTTidtNNU0wGeEB7VgqsaA6yKbrTrxTq0ReP1Y2pPGm6u+KDAutxyK0mQKboV70cvE/r5Oa/mWQMZmkhkoyG9RPuWdiL7/di5iixPCxJZgoZnf1yBArTIz9kOt2w5hHeVf7DrR4/DJpnleRX0W3qFy7ghmKcAQnUAEEF1CDG6hDAwiM4BGe4Nl5cF6cV+dtllpw5jWH8AfO+w//EpV8</latexit><latexit sha1_base64="qA3o5uO7ghhIS+Ba7o6GXnqvOtM=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GICGHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A33alpI=</latexit><latexit sha1_base64="qA3o5uO7ghhIS+Ba7o6GXnqvOtM=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GICGHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A33alpI=</latexit><latexit sha1_base64="Gldy/AYHNzQ/o7Mg7yVkpsB/17w=">AAAB+HicbVDLSgMxFM3UVx1fVZdugkUQhDJxo8uiG5cV7APaoWQymTY0jyHJCHXoR7jVjTtx698IfoyZdhbaeiBwOOfem3tPlHJmbBB8eZW19Y3Nreq2v7O7t39QOzzqGJVpQttEcaV7ETaUM0nblllOe6mmWEScdqPJbeF3H6k2TMkHO01pKPBIsoQRbJ3UtcNcXKDZsFYPGsEccJWgktRBidaw9j2IFckElZZwbEwfBakNc6wtI5zO/EFmaIrJBI9o31GJBTVhPl93Bs+cEsNEafekhXP1d0eOhTFTEblKge3YLHuF+J/Xz2xyHeZMppmlkiw+SjIOrYLF7TBmmhLLp45gopnbFZIx1phYl5DvDyLF42KqiwMtH79KOpcNFDTQPao3b8pgquAEnIJzgMAVaII70AJtQMAEPIMX8Oo9eW/eu/exKK14Zc8x+APv8wfigZM+</latexit>

tm+2
<latexit sha1_base64="62nxH9FbWQrBT7PVNd2BsmrdEsg=">AAAB+HicbVC7SgNBFL3rM66vqKXNaBACQthNo2XQxjKCeUCyhNnZSTJkZnaZmRXiko+w1cZObP0Cf0PwN+ydTVJo4oELh3PuO0w408bzPp2V1bX1jc3Clru9s7u3Xzw4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjq5zv3VPlWaxvDPjhAYCDyTrM4KNlVqml4nz6qRXLHkVbwq0TPw5KdVOyt8fAFDvFb+6UUxSQaUhHGvd8b3EBBlWhhFOJ2431TTBZIQHtGOpxILqIJuuO0FnVolQP1Y2pEFT9XdFhoXWYxHaTIHNUC96ufif10lN/zLImExSQyWZDeqnHJkY5bejiClKDB9bgolidldEhlhhYuyHXLcbxjzKu9p3+IvHL5NmteJ7Ff/WL9WuYIYCHMMplMGHC6jBDdShAQRG8AhP8Ow8OC/Oq/M2S11x5jVH8AfO+w8AsJV9</latexit><latexit sha1_base64="cifEKLBqVyP2l0HuWmUPTMEX4Bc=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2o0GICGE3jZZBG8sI5gHJEmZnZ5Mh81hmZoW45BvEVhs7sfUT/AvB37B3Nkmh0QMXDufcd5gwqo3nfTiFpeWV1bXiuruxubW9U9rda2mZKkyaWDKpOiHShFFBmoYaRjqJIoiHjLTD0WXut2+J0lSKGzNOSMDRQNCYYmSs1Db9jJ/WJv1S2at6U8C/xJ+Tcv2w8vV+3ztp9EufvUjilBNhMENad30vMUGGlKGYkYnbSzVJEB6hAelaKhAnOsim607gsVUiGEtlQxg4VX9WZIhrPeahzeTIDPWil4v/ed3UxOdBRkWSGiLwbFCcMmgkzG+HEVUEGza2BGFF7a4QD5FC2NgPuW4vlCzKu9p3+IvH/yWtWtX3qv61X65fgBmK4AAcgQrwwRmogyvQAE2AwQg8gEfw5Nw5z86L8zpLLTjzmn3wC87bN39plpM=</latexit><latexit sha1_base64="cifEKLBqVyP2l0HuWmUPTMEX4Bc=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2o0GICGE3jZZBG8sI5gHJEmZnZ5Mh81hmZoW45BvEVhs7sfUT/AvB37B3Nkmh0QMXDufcd5gwqo3nfTiFpeWV1bXiuruxubW9U9rda2mZKkyaWDKpOiHShFFBmoYaRjqJIoiHjLTD0WXut2+J0lSKGzNOSMDRQNCYYmSs1Db9jJ/WJv1S2at6U8C/xJ+Tcv2w8vV+3ztp9EufvUjilBNhMENad30vMUGGlKGYkYnbSzVJEB6hAelaKhAnOsim607gsVUiGEtlQxg4VX9WZIhrPeahzeTIDPWil4v/ed3UxOdBRkWSGiLwbFCcMmgkzG+HEVUEGza2BGFF7a4QD5FC2NgPuW4vlCzKu9p3+IvH/yWtWtX3qv61X65fgBmK4AAcgQrwwRmogyvQAE2AwQg8gEfw5Nw5z86L8zpLLTjzmn3wC87bN39plpM=</latexit><latexit sha1_base64="OQhVmqgR3T3PmggBCtsbgZU36Ds=">AAAB+HicbVDLSsNAFL3xWeOr6tJNsAiCUJJudFl047KCfUAbymQyaYfOI8xMhBr6EW51407c+jeCH+OkzUJbDwwczrn3zr0nShnVxve/nLX1jc2t7cqOu7u3f3BYPTruaJkpTNpYMql6EdKEUUHahhpGeqkiiEeMdKPJbeF3H4nSVIoHM01JyNFI0IRiZKzUNcOcXzZmw2rNr/tzeKskKEkNSrSG1e9BLHHGiTCYIa37gZ+aMEfKUMzIzB1kmqQIT9CI9C0ViBMd5vN1Z965VWIvkco+Yby5+rsjR1zrKY9sJUdmrJe9QvzP62cmuQ5zKtLMEIEXHyUZ84z0itu9mCqCDZtagrCidlcPj5FC2NiEXHcQSRYXU20cwfLxq6TTqAd+PbgPas2bMpgKnMIZXEAAV9CEO2hBGzBM4Ble4NV5ct6cd+djUbrmlD0n8AfO5w/kEJM/</latexit>

Notations

' = 0
<latexit sha1_base64="lxKUgm1df4lMvJDdoq8psR+Ae88=">AAAB+nicbVC7SgNBFL0bX3F9RS21GAyCVdi10UYI2lgmYB6SLGF2djYZMrO7zMwGwpqvsNXGTmwt/BXBwk9xNkmhiQcuHM65bz/hTGnH+bQKK6tr6xvFTXtre2d3r7R/0FRxKgltkJjHsu1jRTmLaEMzzWk7kRQLn9OWP7zJ/daISsXi6E6PE+oJ3I9YyAjWRrrvjrBMBuzK6ZXKTsWZAi0Td07K1eOP+jcA1Hqlr24Qk1TQSBOOleq4TqK9DEvNCKcTu5sqmmAyxH3aMTTCgiovmy48QadGCVAYSxORRlP1d0WGhVJj4ZtMgfVALXq5+J/XSXV46WUsSlJNIzIbFKYc6Rjl16OASUo0HxuCiWRmV0QGWGKizY9su+vHPMi7mne4i8cvk+Z5xXUqbt0tV69hhiIcwQmcgQsXUIVbqEEDCAh4hCd4th6sF+vVepulFqx5zSH8gfX+A4KHllY=</latexit><latexit sha1_base64="APaxro0o51caAJuxWIlmQWMK9tI=">AAAB+nicbVDLSsNAFJ34rPFVdanIYBFclcSNboSiG5ct2Ic0oUwmk3bozCTMTAoldukXuNWNO3Hror8i+Af+hJO2C209cOFwzn0HCaNKO86ntbS8srq2XtiwN7e2d3aLe/sNFacSkzqOWSxbAVKEUUHqmmpGWokkiAeMNIP+Te43B0QqGos7PUyIz1FX0IhipI107w2QTHr0yukUS07ZmQAuEndGSpWjce378Xhc7RS/vDDGKSdCY4aUartOov0MSU0xIyPbSxVJEO6jLmkbKhAnys8mC4/gqVFCGMXShNBwov6uyBBXasgDk8mR7ql5Lxf/89qpji79jIok1UTg6aAoZVDHML8ehlQSrNnQEIQlNbtC3EMSYW1+ZNteELMw72re4c4fv0ga52XXKbs1t1S5BlMUwCE4AWfABRegAm5BFdQBBhw8gWfwYj1Yr9ab9T5NXbJmNQfgD6yPH27Il7w=</latexit><latexit sha1_base64="APaxro0o51caAJuxWIlmQWMK9tI=">AAAB+nicbVDLSsNAFJ34rPFVdanIYBFclcSNboSiG5ct2Ic0oUwmk3bozCTMTAoldukXuNWNO3Hror8i+Af+hJO2C209cOFwzn0HCaNKO86ntbS8srq2XtiwN7e2d3aLe/sNFacSkzqOWSxbAVKEUUHqmmpGWokkiAeMNIP+Te43B0QqGos7PUyIz1FX0IhipI107w2QTHr0yukUS07ZmQAuEndGSpWjce378Xhc7RS/vDDGKSdCY4aUartOov0MSU0xIyPbSxVJEO6jLmkbKhAnys8mC4/gqVFCGMXShNBwov6uyBBXasgDk8mR7ql5Lxf/89qpji79jIok1UTg6aAoZVDHML8ehlQSrNnQEIQlNbtC3EMSYW1+ZNteELMw72re4c4fv0ga52XXKbs1t1S5BlMUwCE4AWfABRegAm5BFdQBBhw8gWfwYj1Yr9ab9T5NXbJmNQfgD6yPH27Il7w=</latexit><latexit sha1_base64="pNx4yZZ/NjoKAXQDxE4MCbHh8BY=">AAAB+nicbVDLSsNAFJ3UV42vqks3g0VwVRI3uhGKblxWsA9pQplMJu3QeYSZSaHEfoVb3bgTt/6M4Mc4abPQ1gMDh3PuvXPviVJGtfG8L6eytr6xuVXddnd29/YPaodHHS0zhUkbSyZVL0KaMCpI21DDSC9VBPGIkW40vi387oQoTaV4MNOUhBwNBU0oRsZKj8EEqXREr71Bre41vDngKvFLUgclWoPadxBLnHEiDGZI677vpSbMkTIUMzJzg0yTFOExGpK+pQJxosN8vvAMnlklholU9gkD5+rvjhxxrac8spUcmZFe9grxP6+fmeQqzKlIM0MEXnyUZAwaCYvrYUwVwYZNLUFYUbsrxCOkEDY2I9cNIsniYqqNw18+fpV0Lhq+1/Dv/XrzpgymCk7AKTgHPrgETXAHWqANMODgGbyAV+fJeXPenY9FacUpe47BHzifP1vblBE=</latexit>

' = 2⇡
<latexit sha1_base64="VNgqTG/pUlOHSBxxGhDJPzGk5Jo=">AAAB/XicbVDLSsNAFL2prxpfVZe6CBbBVUm60Y1QdOOyBfuAJpTJZNoOnUyGmUmhhOJfuNWNO3GrvyK48FOctF1o64ELh3Punbn3hIJRpV330yqsrW9sbhW37Z3dvf2D0uFRSyWpxKSJE5bITogUYZSTpqaakY6QBMUhI+1wdJv77TGRiib8Xk8ECWI04LRPMdJG8v0xkmJIr6u+oL1S2a24MzirxFuQcu30o/ENAPVe6cuPEpzGhGvMkFJdzxU6yJDUFDMytf1UEYHwCA1I11COYqKCbLbz1Dk3SuT0E2mKa2em/p7IUKzUJA5NZ4z0UC17ufif1011/yrIKBepJhzPP+qnzNGJkwfgRFQSrNnEEIQlNbs6eIgkwtrEZNt+mLAof9XE4S0fv0pa1YrnVryGV67dwBxFOIEzuAAPLqEGd1CHJmAQ8AhP8Gw9WC/Wq/U2by1Yi5lj+APr/QfgTper</latexit><latexit sha1_base64="R2PuUyvRBKTJqto70IUItsvnw3I=">AAAB/XicbVDLSgMxFM34rOOr6lKRwSK4KjPd6EYounHZgn1AZyiZTKYNzSQhyRTKUFz5C251407c2l8R/AN/wkzbhbYeuHA4597k3hMKSpR23U9rZXVtfWOzsGVv7+zu7RcPDpuKpxLhBuKUy3YIFaaE4YYmmuK2kBgmIcWtcHCb+60hlopwdq9HAgcJ7DESEwS1kXx/CKXok+uKL0i3WHLL7hTOMvHmpFQ9mdS/H08ntW7xy484ShPMNKJQqY7nCh1kUGqCKB7bfqqwgGgAe7hjKIMJVkE23XnsnBslcmIuTTHtTNXfExlMlBoloelMoO6rRS8X//M6qY6vgowwkWrM0OyjOKWO5k4egBMRiZGmI0MgksTs6qA+lBBpE5Nt+yGnUf6qicNbPH6ZNCtlzy17da9UvQEzFMAxOAMXwAOXoAruQA00AAICPIFn8GI9WK/Wm/U+a12x5jNH4A+sjx/Mj5kR</latexit><latexit sha1_base64="R2PuUyvRBKTJqto70IUItsvnw3I=">AAAB/XicbVDLSgMxFM34rOOr6lKRwSK4KjPd6EYounHZgn1AZyiZTKYNzSQhyRTKUFz5C251407c2l8R/AN/wkzbhbYeuHA4597k3hMKSpR23U9rZXVtfWOzsGVv7+zu7RcPDpuKpxLhBuKUy3YIFaaE4YYmmuK2kBgmIcWtcHCb+60hlopwdq9HAgcJ7DESEwS1kXx/CKXok+uKL0i3WHLL7hTOMvHmpFQ9mdS/H08ntW7xy484ShPMNKJQqY7nCh1kUGqCKB7bfqqwgGgAe7hjKIMJVkE23XnsnBslcmIuTTHtTNXfExlMlBoloelMoO6rRS8X//M6qY6vgowwkWrM0OyjOKWO5k4egBMRiZGmI0MgksTs6qA+lBBpE5Nt+yGnUf6qicNbPH6ZNCtlzy17da9UvQEzFMAxOAMXwAOXoAruQA00AAICPIFn8GI9WK/Wm/U+a12x5jNH4A+sjx/Mj5kR</latexit><latexit sha1_base64="gvtB35AJcpJD9qOstidEsMlshwo=">AAAB/XicbVDLSgMxFM3UVx1fVZdugkVwVWa60Y1QdOOygn1AZyiZTKYNzSQhyRTKUPwLt7pxJ279FsGPMdPOQlsPXDicc29y74kko9p43pdT2djc2t6p7rp7+weHR7Xjk64WmcKkgwUTqh8hTRjlpGOoYaQvFUFpxEgvmtwVfm9KlKaCP5qZJGGKRpwmFCNjpSCYIiXH9KYZSDqs1b2GtwBcJ35J6qBEe1j7DmKBs5RwgxnSeuB70oQ5UoZiRuZukGkiEZ6gERlYylFKdJgvdp7DC6vEMBHKFjdwof6eyFGq9SyNbGeKzFiveoX4nzfITHId5pTLzBCOlx8lGYNGwCIAGFNFsGEzSxBW1O4K8RgphI2NyXWDSLC4eNXG4a8ev066zYbvNfwHv966LYOpgjNwDi6BD65AC9yDNugADCR4Bi/g1Xly3px352PZWnHKmVPwB87nD7milWY=</latexit>

The choice of the threshold can be optimised
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we obtain m equations: 

'̇ = ! + Z(')p(t)
<latexit sha1_base64="8nxb/5iU0Hxt2xwQOU1PNKiFhQ8=">AAACFHicbVDLSsNAFJ3UV42vqEs30SK0CCURQTdC0Y3LCvaBTSiTyaQdOsmEmZtCKV37B/6FW924E7fuBT/GaZuFVg8MHM65j7knSDlT4DifRmFpeWV1rbhubmxube9Yu3tNJTJJaIMILmQ7wIpyltAGMOC0nUqK44DTVjC4nvqtIZWKieQORin1Y9xLWMQIBi11rUMvFOANsUz77NITMe3hk/tyLlTSMlS6VsmpOjPYf4mbkxLKUe9aX3omyWKaAOFYqY7rpOCPsQRGOJ2YXqZoiskA92hH0wTHVPnj2SkT+1groR0JqV8C9kz92THGsVKjONCVMYa+WvSm4n9eJ4Powh+zJM2AJmS+KMq4DcKe5mKHTFICfKQJJpLpv9qkjyUmoNMzTS8QPJxO1XG4i8f/Jc3TqutU3duzUu0qD6aIDtARKiMXnaMaukF11EAEPaAn9IxejEfj1Xgz3uelBSPv2Ue/YHx8A7hrnf4=</latexit><latexit sha1_base64="8nxb/5iU0Hxt2xwQOU1PNKiFhQ8=">AAACFHicbVDLSsNAFJ3UV42vqEs30SK0CCURQTdC0Y3LCvaBTSiTyaQdOsmEmZtCKV37B/6FW924E7fuBT/GaZuFVg8MHM65j7knSDlT4DifRmFpeWV1rbhubmxube9Yu3tNJTJJaIMILmQ7wIpyltAGMOC0nUqK44DTVjC4nvqtIZWKieQORin1Y9xLWMQIBi11rUMvFOANsUz77NITMe3hk/tyLlTSMlS6VsmpOjPYf4mbkxLKUe9aX3omyWKaAOFYqY7rpOCPsQRGOJ2YXqZoiskA92hH0wTHVPnj2SkT+1groR0JqV8C9kz92THGsVKjONCVMYa+WvSm4n9eJ4Powh+zJM2AJmS+KMq4DcKe5mKHTFICfKQJJpLpv9qkjyUmoNMzTS8QPJxO1XG4i8f/Jc3TqutU3duzUu0qD6aIDtARKiMXnaMaukF11EAEPaAn9IxejEfj1Xgz3uelBSPv2Ue/YHx8A7hrnf4=</latexit><latexit sha1_base64="8nxb/5iU0Hxt2xwQOU1PNKiFhQ8=">AAACFHicbVDLSsNAFJ3UV42vqEs30SK0CCURQTdC0Y3LCvaBTSiTyaQdOsmEmZtCKV37B/6FW924E7fuBT/GaZuFVg8MHM65j7knSDlT4DifRmFpeWV1rbhubmxube9Yu3tNJTJJaIMILmQ7wIpyltAGMOC0nUqK44DTVjC4nvqtIZWKieQORin1Y9xLWMQIBi11rUMvFOANsUz77NITMe3hk/tyLlTSMlS6VsmpOjPYf4mbkxLKUe9aX3omyWKaAOFYqY7rpOCPsQRGOJ2YXqZoiskA92hH0wTHVPnj2SkT+1groR0JqV8C9kz92THGsVKjONCVMYa+WvSm4n9eJ4Powh+zJM2AJmS+KMq4DcKe5mKHTFICfKQJJpLpv9qkjyUmoNMzTS8QPJxO1XG4i8f/Jc3TqutU3duzUu0qD6aIDtARKiMXnaMaukF11EAEPaAn9IxejEfj1Xgz3uelBSPv2Ue/YHx8A7hrnf4=</latexit><latexit sha1_base64="8nxb/5iU0Hxt2xwQOU1PNKiFhQ8=">AAACFHicbVDLSsNAFJ3UV42vqEs30SK0CCURQTdC0Y3LCvaBTSiTyaQdOsmEmZtCKV37B/6FW924E7fuBT/GaZuFVg8MHM65j7knSDlT4DifRmFpeWV1rbhubmxube9Yu3tNJTJJaIMILmQ7wIpyltAGMOC0nUqK44DTVjC4nvqtIZWKieQORin1Y9xLWMQIBi11rUMvFOANsUz77NITMe3hk/tyLlTSMlS6VsmpOjPYf4mbkxLKUe9aX3omyWKaAOFYqY7rpOCPsQRGOJ2YXqZoiskA92hH0wTHVPnj2SkT+1groR0JqV8C9kz92THGsVKjONCVMYa+WvSm4n9eJ4Powh+zJM2AJmS+KMq4DcKe5mKHTFICfKQJJpLpv9qkjyUmoNMzTS8QPJxO1XG4i8f/Jc3TqutU3duzUu0qD6aIDtARKiMXnaMaukF11EAEPaAn9IxejEfj1Xgz3uelBSPv2Ue/YHx8A7hrnf4=</latexit>

Winfree model

Substituting PRC as a finite Fourier series,
Z(') = a0 +

PN
n=1 [an cos(n') + bn sin(n')]

<latexit sha1_base64="lCvjJyeduc7YLuV15S01VYnz0Y8="></latexit><latexit sha1_base64="oIWES/wKe+j+xrGqxkgDkpWlO+0="></latexit><latexit sha1_base64="oIWES/wKe+j+xrGqxkgDkpWlO+0="></latexit><latexit sha1_base64="ZYBZH8cl1NWnWOtftHN1DNH1suM="></latexit>

time

tm�1
<latexit sha1_base64="wCuv2JURTFxrZkoCCJPXvq6lm2Q=">AAAB+HicbVC7TsMwFL0prxJeBUaWQIXUhSpmgbGChbFI9CG1UeU4bmvVdiLbQSpRP4IVFjbEyhfwG0j8BjtO2wFajnSlo3PuO0w408b3P53Cyura+kZx093a3tndK+0fNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9e537qnSrNY3plxQgOBB5L1GcHGSi3Ty8QZmvRKZb/qT+EtEzQn5dpx5fsDAOq90lc3ikkqqDSEY607yE9MkGFlGOF04nZTTRNMRnhAO5ZKLKgOsum6E+/UKpHXj5UNabyp+rsiw0LrsQhtpsBmqBe9XPzP66SmfxlkTCapoZLMBvVT7pnYy2/3IqYoMXxsCSaK2V09MsQKE2M/5LrdMOZR3tW+Ay0ev0ya51XkV9EtKteuYIYiHMEJVADBBdTgBurQAAIjeIQneHYenBfn1XmbpRacec0h/IHz/gMCQZV+</latexit><latexit sha1_base64="Eqha5wmmM+aS7w/yMXNHaO557/A=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GIhWHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A4D6lpQ=</latexit><latexit sha1_base64="Eqha5wmmM+aS7w/yMXNHaO557/A=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GIhWHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A4D6lpQ=</latexit><latexit sha1_base64="3sY3S5iAf3qS7QWAj89OF2qFNrg=">AAAB+HicbVDLSgMxFM3UVx1fVZdugkVwY5m40WXRjcsK9gHtUDKZTBuax5BkhDr0I9zqxp249W8EP8ZMOwttPRA4nHPvzb0nSjkzNgi+vMra+sbmVnXb39nd2z+oHR51jMo0oW2iuNK9CBvKmaRtyyynvVRTLCJOu9HktvC7j1QbpuSDnaY0FHgkWcIItk7q2mEuLtBsWKsHjWAOuEpQSeqgRGtY+x7EimSCSks4NqaPgtSGOdaWEU5n/iAzNMVkgke076jEgpown687g2dOiWGitHvSwrn6uyPHwpipiFylwHZslr1C/M/rZza5DnMm08xSSRYfJRmHVsHidhgzTYnlU0cw0cztCskYa0ysS8j3B5HicTHVxYGWj18lncsGChroHtWbN2UwVXACTsE5QOAKNMEdaIE2IGACnsELePWevDfv3ftYlFa8sucY/IH3+QPloZNA</latexit>

tm
<latexit sha1_base64="g1Mp9c37T0OYGoQ8pv/Zeeup9Zg=">AAAB9nicbVDLSsNAFL3xWeOrKrhxM1gEVyVxo8uiG5ctmLbQhjqZTNuhM5MwMxFL6De41Y07cevvCOK3OGm70NYDFw7n3HeUcqaN5306K6tr6xubpS13e2d3b798cNjUSaYIDUjCE9WOsKacSRoYZjhtp4piEXHaikY3hd96oEqzRN6ZcUpDgQeS9RnBxkqB6eVi0itXvKo3BVom/pxUaseN73sAqPfKX904IZmg0hCOte74XmrCHCvDCKcTt5tpmmIywgPasVRiQXWYT5edoDOrxKifKBvSoKn6uyLHQuuxiGymwGaoF71C/M/rZKZ/FeZMppmhkswG9TOOTIKKy1HMFCWGjy3BRDG7KyJDrDAx9j+u240SHhdd7Tv8xeOXSfOi6ntVv+FXatcwQwlO4BTOwYdLqMEt1CEAAgye4BlenEfn1Xlz3mepK8685gj+wPn4AacYlLM=</latexit><latexit sha1_base64="OjSgT2BluqQlQYZtmUJTEHmBW3g=">AAAB9nicbVDLSsNAFJ34rPFVFdy4GSyCq5K40WWpG5ctmLbQhjKZTNqh8wgzE7GEfoNb3bgTV4If4U8I4rc4abvQ1gMXDufcd5Qyqo3nfTorq2vrG5ulLXd7Z3dvv3xw2NIyU5gEWDKpOhHShFFBAkMNI51UEcQjRtrR6Lrw23dEaSrFrRmnJORoIGhCMTJWCkw/55N+ueJVvSngMvHnpFI7bn7Tt/pHo1/+6sUSZ5wIgxnSuut7qQlzpAzFjEzcXqZJivAIDUjXUoE40WE+XXYCz6wSw0QqG8LAqfq7Ikdc6zGPbCZHZqgXvUL8z+tmJrkKcyrSzBCBZ4OSjEEjYXE5jKki2LCxJQgraneFeIgUwsb+x3V7kWRx0dW+w188fpm0Lqq+V/WbfqVWBzOUwAk4BefAB5egBm5AAwQAAwoewCN4cu6dZ+fFeZ2lrjjzmiPwB877DwnAlm8=</latexit><latexit sha1_base64="OjSgT2BluqQlQYZtmUJTEHmBW3g=">AAAB9nicbVDLSsNAFJ34rPFVFdy4GSyCq5K40WWpG5ctmLbQhjKZTNqh8wgzE7GEfoNb3bgTV4If4U8I4rc4abvQ1gMXDufcd5Qyqo3nfTorq2vrG5ulLXd7Z3dvv3xw2NIyU5gEWDKpOhHShFFBAkMNI51UEcQjRtrR6Lrw23dEaSrFrRmnJORoIGhCMTJWCkw/55N+ueJVvSngMvHnpFI7bn7Tt/pHo1/+6sUSZ5wIgxnSuut7qQlzpAzFjEzcXqZJivAIDUjXUoE40WE+XXYCz6wSw0QqG8LAqfq7Ikdc6zGPbCZHZqgXvUL8z+tmJrkKcyrSzBCBZ4OSjEEjYXE5jKki2LCxJQgraneFeIgUwsb+x3V7kWRx0dW+w188fpm0Lqq+V/WbfqVWBzOUwAk4BefAB5egBm5AAwQAAwoewCN4cu6dZ+fFeZ2lrjjzmiPwB877DwnAlm8=</latexit><latexit sha1_base64="w0VBgif0xaWMf3uEMv6rq7K/b/g=">AAAB9nicbVDLSsNAFL2prxpfVZdugkVwVRI3uiy6cVnBtEIbymQyaYfOI8xMxBL6DW51407c+juCH+OkzUJbDwwczrn3zr0nzhjVxve/nNra+sbmVn3b3dnd2z9oHB51tcwVJiGWTKqHGGnCqCChoYaRh0wRxGNGevHkpvR7j0RpKsW9mWYk4mgkaEoxMlYKzbDgs2Gj6bf8ObxVElSkCRU6w8b3IJE450QYzJDW/cDPTFQgZShmZOYOck0yhCdoRPqWCsSJjor5sjPvzCqJl0plnzDeXP3dUSCu9ZTHtpIjM9bLXin+5/Vzk15FBRVZbojAi4/SnHlGeuXlXkIVwYZNLUFYUburh8dIIWxsPq47iCVLyqk2jmD5+FXSvWgFfiu4C5rt6yqYOpzAKZxDAJfQhlvoQAgYKDzDC7w6T86b8+58LEprTtVzDH/gfP4ABY6Szg==</latexit>

Tm
<latexit sha1_base64="neacJt55jlm5x0JJA2Koo/sOBIM=">AAAB9nicbVDLSsNAFL2prxpfVcGNm2ARXJXEjS6Lbly20LSFNtTJZNIOncyEmYlYQr/BrW7ciVt/RxC/xUnbhbYeuHA4577DlFGlXffTKq2tb2xulbftnd29/YPK4VFbiUxi4mPBhOyGSBFGOfE11Yx0U0lQEjLSCce3hd95IFJRwVt6kpIgQUNOY4qRNpLfGuTJdFCpujV3BmeVeAtSrZ80v+8BoDGofPUjgbOEcI0ZUqrnuakOciQ1xYxM7X6mSIrwGA1Jz1COEqKCfLbs1Dk3SuTEQprg2pmpvytylCg1SUKTmSA9UsteIf7n9TIdXwc55WmmCcfzQXHGHC2c4nInopJgzSaGICyp2dXBIyQR1uY/tt0PBYuKruYd3vLxq6R9WfPcmtf0qvUbmKMMp3AGF+DBFdThDhrgAwYKT/AML9aj9Wq9We/z1JK1qDmGP7A+fgB02JST</latexit><latexit sha1_base64="7ORui8K11jo1wMATaZIiuNOVDM0=">AAAB9nicbVBNSwJBGJ61L7MvK+jSZUiCTrLbpY5il44Krgq6yOzsrA7OxzIzG8nib+hal27RKehH9CeC6Lc0qx5Ke+CFh+d5v8OEUW1c99MprK1vbG4Vt0s7u3v7B+XDo7aWqcLEx5JJ1Q2RJowK4htqGOkmiiAeMtIJxze537kjSlMpWmaSkICjoaAxxchYyW8NMj4dlCtu1Z0BrhJvQSq1k+Y3fat/NAblr34kccqJMJghrXuem5ggQ8pQzMi01E81SRAeoyHpWSoQJzrIZstO4blVIhhLZUMYOFN/V2SIaz3hoc3kyIz0speL/3m91MTXQUZFkhoi8HxQnDJoJMwvhxFVBBs2sQRhRe2uEI+QQtjY/5RK/VCyKO9q3+EtH79K2pdVz616Ta9Sq4M5iuAUnIEL4IErUAO3oAF8gAEFD+ARPDn3zrPz4rzOUwvOouYY/IHz/gPXcZZP</latexit><latexit sha1_base64="7ORui8K11jo1wMATaZIiuNOVDM0=">AAAB9nicbVBNSwJBGJ61L7MvK+jSZUiCTrLbpY5il44Krgq6yOzsrA7OxzIzG8nib+hal27RKehH9CeC6Lc0qx5Ke+CFh+d5v8OEUW1c99MprK1vbG4Vt0s7u3v7B+XDo7aWqcLEx5JJ1Q2RJowK4htqGOkmiiAeMtIJxze537kjSlMpWmaSkICjoaAxxchYyW8NMj4dlCtu1Z0BrhJvQSq1k+Y3fat/NAblr34kccqJMJghrXuem5ggQ8pQzMi01E81SRAeoyHpWSoQJzrIZstO4blVIhhLZUMYOFN/V2SIaz3hoc3kyIz0speL/3m91MTXQUZFkhoi8HxQnDJoJMwvhxFVBBs2sQRhRe2uEI+QQtjY/5RK/VCyKO9q3+EtH79K2pdVz616Ta9Sq4M5iuAUnIEL4IErUAO3oAF8gAEFD+ARPDn3zrPz4rzOUwvOouYY/IHz/gPXcZZP</latexit><latexit sha1_base64="a9eEHncooX+CEXIdjEyPf4O1HD4=">AAAB9nicbVA9T8MwEL2UrxK+CowsFhUSU5WwwFjBwlikpq3URpXjuK1V24lsB1FF/Q2ssLAhVv4OEj8Gp80ALU+y9PTe3fnuRSln2njel1PZ2Nza3qnuunv7B4dHteOTjk4yRWhAEp6oXoQ15UzSwDDDaS9VFIuI0240vSv87iNVmiWybWYpDQUeSzZiBBsrBe1hLubDWt1reAugdeKXpA4lWsPa9yBOSCaoNIRjrfu+l5owx8owwuncHWSapphM8Zj2LZVYUB3mi2Xn6MIqMRolyj5p0EL93ZFjofVMRLZSYDPRq14h/uf1MzO6CXMm08xQSZYfjTKOTIKKy1HMFCWGzyzBRDG7KyITrDAxNh/XHUQJj4upNg5/9fh10rlq+F7Df/DrzdsymCqcwTlcgg/X0IR7aEEABBg8wwu8Ok/Om/PufCxLK07Zcwp/4Hz+ANM/kq4=</latexit>

tm+1
<latexit sha1_base64="Vcmrye9AJ5+kcAg9msjTR20He34=">AAAB+HicbVC7SgNBFL0bX3F9RS1tVoMQEMKOjZZBG8sI5gHJEmZnJ8mQmdllZlaISz7CVhs7sfUL/A3B37B3NkmhiQcuHM657zDhTBvf/3QKK6tr6xvFTXdre2d3r7R/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHF3nfuueKs1ieWfGCQ0EHkjWZwQbK7VMLxNnaNIrlf2qP4W3TNCclGvHle8PAKj3Sl/dKCapoNIQjrXuID8xQYaVYYTTidtNNU0wGeEB7VgqsaA6yKbrTrxTq0ReP1Y2pPGm6u+KDAutxyK0mQKboV70cvE/r5Oa/mWQMZmkhkoyG9RPuWdiL7/di5iixPCxJZgoZnf1yBArTIz9kOt2w5hHeVf7DrR4/DJpnleRX0W3qFy7ghmKcAQnUAEEF1CDG6hDAwiM4BGe4Nl5cF6cV+dtllpw5jWH8AfO+w//EpV8</latexit><latexit sha1_base64="qA3o5uO7ghhIS+Ba7o6GXnqvOtM=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GICGHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A33alpI=</latexit><latexit sha1_base64="qA3o5uO7ghhIS+Ba7o6GXnqvOtM=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2q0GICGHHRsugjWUE84BkCbOzs8mQeSwzs0Jc8g1iq42d2PoJ/oXgb9g7m6TQxAMXDufcd5gwqo3vfzqFpeWV1bXiuruxubW9U9rda2qZKkwaWDKp2iHShFFBGoYaRtqJIoiHjLTC4VXut+6I0lSKWzNKSMBRX9CYYmSs1DK9jJ/Cca9U9qv+BN4igTNSrh1Wvj8euif1XumrG0mcciIMZkjrDvQTE2RIGYoZGbvdVJME4SHqk46lAnGig2yy7tg7tkrkxVLZEMabqL8rMsS1HvHQZnJkBnrey8X/vE5q4osgoyJJDRF4OihOmWekl9/uRVQRbNjIEoQVtbt6eIAUwsZ+yHW7oWRR3tW+A84fv0iaZ1XoV+ENLNcuwRRFcACOQAVAcA5q4BrUQQNgMASP4Ak8O/fOi/PqvE1TC86sZh/8gfP+A33alpI=</latexit><latexit sha1_base64="Gldy/AYHNzQ/o7Mg7yVkpsB/17w=">AAAB+HicbVDLSgMxFM3UVx1fVZdugkUQhDJxo8uiG5cV7APaoWQymTY0jyHJCHXoR7jVjTtx698IfoyZdhbaeiBwOOfem3tPlHJmbBB8eZW19Y3Nreq2v7O7t39QOzzqGJVpQttEcaV7ETaUM0nblllOe6mmWEScdqPJbeF3H6k2TMkHO01pKPBIsoQRbJ3UtcNcXKDZsFYPGsEccJWgktRBidaw9j2IFckElZZwbEwfBakNc6wtI5zO/EFmaIrJBI9o31GJBTVhPl93Bs+cEsNEafekhXP1d0eOhTFTEblKge3YLHuF+J/Xz2xyHeZMppmlkiw+SjIOrYLF7TBmmhLLp45gopnbFZIx1phYl5DvDyLF42KqiwMtH79KOpcNFDTQPao3b8pgquAEnIJzgMAVaII70AJtQMAEPIMX8Oo9eW/eu/exKK14Zc8x+APv8wfigZM+</latexit>
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x(t) would be periodic. In practice, because noise is inevitable, the oscillation would be almost periodic. The technique of
extracting the PRC crucially depends on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase estimation with the conventional technique
of embedding the signal via the Hilbert transform6–8 and performing the protophase-to-phase transformation9.

Once an estimate of the phase j(t) is obtained, the instantaneous frequency j̇(t) can be numerically estimated, and then,
representing the PRC as a finite Fourier series,

Z(j) = a0 +
N

Â
n=1

[an cos(nj)+bn sin(nj)] , (2)

we obtain from Eq. (1) a system of linear equations with respect to the unknown frequency w and the Fourier coefficients an,
bn. Provided we have a good resolution and long enough time series, this system is overdetermined and can be solved by means
of optimization, e.g., least squares minimization. Notice that this can be done for an arbitrary form of perturbation p(t). Thus, a
common approach to the problem revolves around estimating the phase j and its derivative j̇ (the latter requires numerical
differentiation and is therefore sensitive to noise). For cases when the signal has a complex form and there is no unique center
of rotation in the Hilbert representation, alternative ways of estimating j and j̇ shall be used. For example, in the setup of two
pulse-coupled neurons with similar frequencies the phase is simply linearly interpolated between spikes10, or in studies of the
interaction between the respiratory and cardiac oscillators several markers within each cycle of the electrocardiogram are used
to determine the phase11. Such ad hoc techniques proved being useful, albeit they tend to be setup-specific and lack generality.

To that end we introduce a technique that does not require computation of continuous phase j and instantaneous frequency
j̇ from the data. For our approach, in addition to continuous observation of the input forcing p(t), it is sufficient to outline only
one well-defined marker within each cycle of x(t) so that the times tm of these events can be considered as the instants of return
to a Poincaré surface of section. Correspondingly, these events can be assigned the same value of the phase which without loss
of generality can be set to zero, j(tm) = 0. For these events one can choose spikes, threshold crossings, or even bursts (an
example can be found in the Supplementary material online, Fig. S4). So, in analysis of spiking neurons it is natural to use
spikes since they can be reliably detected while the signal between them can be dominated by noise. The phase increase within
each inter-event interval, Tm = tm+1 � tm, is defined to be 2p .

In what is the first key step of our approach, we integrate Eq. (1) over each interval Tm, replacing Z(j) by its Fourier
representation via Eq. (2),

2p = wTm +a0

tm+TmZ

tm

p(t)dt +
N

Â
n=1

2

4an

tm+TmZ

tm

p(t)cos[nj(t)]dt +bn

tm+TmZ

tm

p(t)sin[nj(t)]dt

3

5 . (3)

Certainly, the computation of the right hand side requires knowledge of the phase. Here we point out that in the limit of
vanishing perturbations, the phase between events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase j(t) = (t � tm)/Tm, inserting it in Eq. (3), numerically computing
all the integrals, and solving the linear system by means of optimization, cf.10. However, for stronger driving amplitudes the
increased inaccuracy of the linear approximation unavoidably translates to inaccuracy of the solution. We address this with
the second key step in our technique, where the phase is estimated through an iterative procedure, by solving systems (1) and
(3) in turns. For the zeroth approximation of the phase we linearly interpolate it between events, j(0)(t) = (t � tm)/Tm. Then,
inserting it in Eq. (3) and solving the system we obtain the first approximation of the solution w(1),Z(1). The next approximation
of the phase is obtained by numerically integrating Eq. (1), i.e., by solving j̇(1) = w(1) +Z(1)[j(0)(t)]p(t) separately for each
inter-event interval, taking j(1)(tm) = 0 for initial conditions. Since the phase j(0), natural frequency w(1), and PRC Z(1) are
known only approximately, the computed phase at the end of the interval, j(1)(tm +Tm) = y(1)

m , generally differs from the
correct value 2p . Therefore, we rescale the phase within each interval: j(1)(t)! 2pj(1)(t)/y(1)

m . This rescaled phase is then
used to obtain the second approximation of the solution w(2), Z(2), and then the whole procedure can be repeated to obtain
further ones. As illustrated below, the iterations typically converge to the true solution and the quantities y(k)

m can be used to
monitor the convergence.

Numerical tests
First we mention that for clarity of presentation we always set the natural frequency of the oscillator w to 2p , thus ensuring
the period of an unperturbed oscillator is T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this paper, unless specified differently, we use k = 10 iteration steps, N = 10 Fourier
harmonics, time of simulation tsim = 500 and time step dt = 0.001.
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We solve the problem by iterations: first we take 

x(t) would be periodic. In practice, because noise is inevitable, the oscillation would be almost periodic. The technique of
extracting the PRC crucially depends on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase estimation with the conventional technique
of embedding the signal via the Hilbert transform6–8 and performing the protophase-to-phase transformation9.

Once an estimate of the phase j(t) is obtained, the instantaneous frequency j̇(t) can be numerically estimated, and then,
representing the PRC as a finite Fourier series,

Z(j) = a0 +
N

Â
n=1

[an cos(nj)+bn sin(nj)] , (2)

we obtain from Eq. (1) a system of linear equations with respect to the unknown frequency w and the Fourier coefficients an,
bn. Provided we have a good resolution and long enough time series, this system is overdetermined and can be solved by means
of optimization, e.g., least squares minimization. Notice that this can be done for an arbitrary form of perturbation p(t). Thus, a
common approach to the problem revolves around estimating the phase j and its derivative j̇ (the latter requires numerical
differentiation and is therefore sensitive to noise). For cases when the signal has a complex form and there is no unique center
of rotation in the Hilbert representation, alternative ways of estimating j and j̇ shall be used. For example, in the setup of two
pulse-coupled neurons with similar frequencies the phase is simply linearly interpolated between spikes10, or in studies of the
interaction between the respiratory and cardiac oscillators several markers within each cycle of the electrocardiogram are used
to determine the phase11. Such ad hoc techniques proved being useful, albeit they tend to be setup-specific and lack generality.

To that end we introduce a technique that does not require computation of continuous phase j and instantaneous frequency
j̇ from the data. For our approach, in addition to continuous observation of the input forcing p(t), it is sufficient to outline only
one well-defined marker within each cycle of x(t) so that the times tm of these events can be considered as the instants of return
to a Poincaré surface of section. Correspondingly, these events can be assigned the same value of the phase which without loss
of generality can be set to zero, j(tm) = 0. For these events one can choose spikes, threshold crossings, or even bursts (an
example can be found in the Supplementary material online, Fig. S4). So, in analysis of spiking neurons it is natural to use
spikes since they can be reliably detected while the signal between them can be dominated by noise. The phase increase within
each inter-event interval, Tm = tm+1 � tm, is defined to be 2p .

In what is the first key step of our approach, we integrate Eq. (1) over each interval Tm, replacing Z(j) by its Fourier
representation via Eq. (2),

2p = wTm +a0

tm+TmZ

tm

p(t)dt +
N

Â
n=1

2

4an

tm+TmZ

tm

p(t)cos[nj(t)]dt +bn

tm+TmZ

tm

p(t)sin[nj(t)]dt

3

5 . (3)

Certainly, the computation of the right hand side requires knowledge of the phase. Here we point out that in the limit of
vanishing perturbations, the phase between events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase j(t) = (t � tm)/Tm, inserting it in Eq. (3), numerically computing
all the integrals, and solving the linear system by means of optimization, cf.10. However, for stronger driving amplitudes the
increased inaccuracy of the linear approximation unavoidably translates to inaccuracy of the solution. We address this with
the second key step in our technique, where the phase is estimated through an iterative procedure, by solving systems (1) and
(3) in turns. For the zeroth approximation of the phase we linearly interpolate it between events, j(0)(t) = (t � tm)/Tm. Then,
inserting it in Eq. (3) and solving the system we obtain the first approximation of the solution w(1),Z(1). The next approximation
of the phase is obtained by numerically integrating Eq. (1), i.e., by solving j̇(1) = w(1) +Z(1)[j(0)(t)]p(t) separately for each
inter-event interval, taking j(1)(tm) = 0 for initial conditions. Since the phase j(0), natural frequency w(1), and PRC Z(1) are
known only approximately, the computed phase at the end of the interval, j(1)(tm +Tm) = y(1)

m , generally differs from the
correct value 2p . Therefore, we rescale the phase within each interval: j(1)(t)! 2pj(1)(t)/y(1)

m . This rescaled phase is then
used to obtain the second approximation of the solution w(2), Z(2), and then the whole procedure can be repeated to obtain
further ones. As illustrated below, the iterations typically converge to the true solution and the quantities y(k)

m can be used to
monitor the convergence.

Numerical tests
First we mention that for clarity of presentation we always set the natural frequency of the oscillator w to 2p , thus ensuring
the period of an unperturbed oscillator is T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this paper, unless specified differently, we use k = 10 iteration steps, N = 10 Fourier
harmonics, time of simulation tsim = 500 and time step dt = 0.001.
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iteration 
'(0)(t) = 2⇡(t � tm)/Tm 2 [tm, tm + Tm]
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x(t) would be periodic. In practice, because noise is inevitable, the oscillation would be almost periodic. The technique of
extracting the PRC crucially depends on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase estimation with the conventional technique
of embedding the signal via the Hilbert transform6–8 and performing the protophase-to-phase transformation9.

Once an estimate of the phase j(t) is obtained, the instantaneous frequency j̇(t) can be numerically estimated, and then,
representing the PRC as a finite Fourier series,

Z(j) = a0 +
N

Â
n=1

[an cos(nj)+bn sin(nj)] , (2)

we obtain from Eq. (1) a system of linear equations with respect to the unknown frequency w and the Fourier coefficients an,
bn. Provided we have a good resolution and long enough time series, this system is overdetermined and can be solved by means
of optimization, e.g., least squares minimization. Notice that this can be done for an arbitrary form of perturbation p(t). Thus, a
common approach to the problem revolves around estimating the phase j and its derivative j̇ (the latter requires numerical
differentiation and is therefore sensitive to noise). For cases when the signal has a complex form and there is no unique center
of rotation in the Hilbert representation, alternative ways of estimating j and j̇ shall be used. For example, in the setup of two
pulse-coupled neurons with similar frequencies the phase is simply linearly interpolated between spikes10, or in studies of the
interaction between the respiratory and cardiac oscillators several markers within each cycle of the electrocardiogram are used
to determine the phase11. Such ad hoc techniques proved being useful, albeit they tend to be setup-specific and lack generality.

To that end we introduce a technique that does not require computation of continuous phase j and instantaneous frequency
j̇ from the data. For our approach, in addition to continuous observation of the input forcing p(t), it is sufficient to outline only
one well-defined marker within each cycle of x(t) so that the times tm of these events can be considered as the instants of return
to a Poincaré surface of section. Correspondingly, these events can be assigned the same value of the phase which without loss
of generality can be set to zero, j(tm) = 0. For these events one can choose spikes, threshold crossings, or even bursts (an
example can be found in the Supplementary material online, Fig. S4). So, in analysis of spiking neurons it is natural to use
spikes since they can be reliably detected while the signal between them can be dominated by noise. The phase increase within
each inter-event interval, Tm = tm+1 � tm, is defined to be 2p .

In what is the first key step of our approach, we integrate Eq. (1) over each interval Tm, replacing Z(j) by its Fourier
representation via Eq. (2),

2p = wTm +a0

tm+TmZ

tm

p(t)dt +
N

Â
n=1

2

4an

tm+TmZ

tm

p(t)cos[nj(t)]dt +bn

tm+TmZ

tm

p(t)sin[nj(t)]dt

3

5 . (3)

Certainly, the computation of the right hand side requires knowledge of the phase. Here we point out that in the limit of
vanishing perturbations, the phase between events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase j(t) = (t � tm)/Tm, inserting it in Eq. (3), numerically computing
all the integrals, and solving the linear system by means of optimization, cf.10. However, for stronger driving amplitudes the
increased inaccuracy of the linear approximation unavoidably translates to inaccuracy of the solution. We address this with
the second key step in our technique, where the phase is estimated through an iterative procedure, by solving systems (1) and
(3) in turns. For the zeroth approximation of the phase we linearly interpolate it between events, j(0)(t) = (t � tm)/Tm. Then,
inserting it in Eq. (3) and solving the system we obtain the first approximation of the solution w(1),Z(1). The next approximation
of the phase is obtained by numerically integrating Eq. (1), i.e., by solving j̇(1) = w(1) +Z(1)[j(0)(t)]p(t) separately for each
inter-event interval, taking j(1)(tm) = 0 for initial conditions. Since the phase j(0), natural frequency w(1), and PRC Z(1) are
known only approximately, the computed phase at the end of the interval, j(1)(tm +Tm) = y(1)

m , generally differs from the
correct value 2p . Therefore, we rescale the phase within each interval: j(1)(t)! 2pj(1)(t)/y(1)

m . This rescaled phase is then
used to obtain the second approximation of the solution w(2), Z(2), and then the whole procedure can be repeated to obtain
further ones. As illustrated below, the iterations typically converge to the true solution and the quantities y(k)

m can be used to
monitor the convergence.

Numerical tests
First we mention that for clarity of presentation we always set the natural frequency of the oscillator w to 2p , thus ensuring
the period of an unperturbed oscillator is T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this paper, unless specified differently, we use k = 10 iteration steps, N = 10 Fourier
harmonics, time of simulation tsim = 500 and time step dt = 0.001.
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substitute into           , compute numerically all integrals Eq.(⇤)
<latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit>

iteration 

system of M linear equations for 2N+2 coefficients 

for M>2N+2 we solve the system using l.m.s. optimisation 

first approximation for frequency and PRC !(1), Z(1)
<latexit sha1_base64="5yCbO47gayOvzUfhe9dJYJvzT9M=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpREBF0W3bisYB/YxDKZTNqh8wgzE6GGfoB/4VY37sStnyH4MU7bLLR6YJjDOffeuXOilBKlPe/TKi0sLi2vlFfttfWNzS1ne6elRCYRbiJBhexEUGFKOG5qoinupBJDFlHcjoaXE799j6Uigt/oUYpDBvucJARBbaSesxcIhvvwLq/6R+Pj29ndcypezZvC/Uv8glRAgUbP+QpigTKGuUYUKtX1vVSHOZSaIIrHdpApnEI0hH3cNZRDhlWYT7cfu4dGid1ESHO4dqfqz44cMqVGLDKVDOqBmvcm4n9eN9PJeZgTnmYaczR7KMmoq4U7icKNicRI05EhEElidnXRAEqItAnMtoNI0Hgy1cThz3/+L2md1Hyv5l+fVuoXRTBlsA8OQBX44AzUwRVogCZA4AE8gWfwYj1ar9ab9T4rLVlFzy74BevjG7yBl/s=</latexit><latexit sha1_base64="5yCbO47gayOvzUfhe9dJYJvzT9M=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpREBF0W3bisYB/YxDKZTNqh8wgzE6GGfoB/4VY37sStnyH4MU7bLLR6YJjDOffeuXOilBKlPe/TKi0sLi2vlFfttfWNzS1ne6elRCYRbiJBhexEUGFKOG5qoinupBJDFlHcjoaXE799j6Uigt/oUYpDBvucJARBbaSesxcIhvvwLq/6R+Pj29ndcypezZvC/Uv8glRAgUbP+QpigTKGuUYUKtX1vVSHOZSaIIrHdpApnEI0hH3cNZRDhlWYT7cfu4dGid1ESHO4dqfqz44cMqVGLDKVDOqBmvcm4n9eN9PJeZgTnmYaczR7KMmoq4U7icKNicRI05EhEElidnXRAEqItAnMtoNI0Hgy1cThz3/+L2md1Hyv5l+fVuoXRTBlsA8OQBX44AzUwRVogCZA4AE8gWfwYj1ar9ab9T4rLVlFzy74BevjG7yBl/s=</latexit><latexit sha1_base64="5yCbO47gayOvzUfhe9dJYJvzT9M=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpREBF0W3bisYB/YxDKZTNqh8wgzE6GGfoB/4VY37sStnyH4MU7bLLR6YJjDOffeuXOilBKlPe/TKi0sLi2vlFfttfWNzS1ne6elRCYRbiJBhexEUGFKOG5qoinupBJDFlHcjoaXE799j6Uigt/oUYpDBvucJARBbaSesxcIhvvwLq/6R+Pj29ndcypezZvC/Uv8glRAgUbP+QpigTKGuUYUKtX1vVSHOZSaIIrHdpApnEI0hH3cNZRDhlWYT7cfu4dGid1ESHO4dqfqz44cMqVGLDKVDOqBmvcm4n9eN9PJeZgTnmYaczR7KMmoq4U7icKNicRI05EhEElidnXRAEqItAnMtoNI0Hgy1cThz3/+L2md1Hyv5l+fVuoXRTBlsA8OQBX44AzUwRVogCZA4AE8gWfwYj1ar9ab9T4rLVlFzy74BevjG7yBl/s=</latexit><latexit sha1_base64="5yCbO47gayOvzUfhe9dJYJvzT9M=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpREBF0W3bisYB/YxDKZTNqh8wgzE6GGfoB/4VY37sStnyH4MU7bLLR6YJjDOffeuXOilBKlPe/TKi0sLi2vlFfttfWNzS1ne6elRCYRbiJBhexEUGFKOG5qoinupBJDFlHcjoaXE799j6Uigt/oUYpDBvucJARBbaSesxcIhvvwLq/6R+Pj29ndcypezZvC/Uv8glRAgUbP+QpigTKGuUYUKtX1vVSHOZSaIIrHdpApnEI0hH3cNZRDhlWYT7cfu4dGid1ESHO4dqfqz44cMqVGLDKVDOqBmvcm4n9eN9PJeZgTnmYaczR7KMmoq4U7icKNicRI05EhEElidnXRAEqItAnMtoNI0Hgy1cThz3/+L2md1Hyv5l+fVuoXRTBlsA8OQBX44AzUwRVogCZA4AE8gWfwYj1ar9ab9T4rLVlFzy74BevjG7yBl/s=</latexit>

'(0)(t) = 2⇡(t � tm)/Tm 2 [tm, tm + Tm]
<latexit sha1_base64="Zd/bsJLUPDl/4eW0X/QbF5RX4no="></latexit><latexit sha1_base64="Zd/bsJLUPDl/4eW0X/QbF5RX4no="></latexit><latexit sha1_base64="Zd/bsJLUPDl/4eW0X/QbF5RX4no="></latexit><latexit sha1_base64="Zd/bsJLUPDl/4eW0X/QbF5RX4no="></latexit>

Computing PRC from a known input
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Next approximation for the phase

We integrate numerically

for each inter-spike interval with initial condition '(1)(tm) = 0
<latexit sha1_base64="m+uxeG7mGioNOnfoZD/1pMaMbp4=">AAACB3icbVDLSsNAFJ3UV62v+Ni5CRah3ZREBN0IRTcuK9gHNDFMJpN26EwmzEwKNfQD/Au3unEnbv0MwY9x0mahrQcuHM65d+beEySUSGXbX0ZpZXVtfaO8Wdna3tndM/cPOpKnAuE24pSLXgAlpiTGbUUUxb1EYMgCirvB6Cb3u2MsJOHxvZok2GNwEJOIIKi05JtH7hiKZEgesppTn9aUz+pXtm9W7YY9g7VMnIJUQYGWb367IUcpw7FCFErZd+xEeRkUiiCKpxU3lTiBaAQHuK9pDBmWXjbbfmqdaiW0Ii50xcqaqb8nMsiknLBAdzKohnLRy8X/vH6qoksvI3GSKhyj+UdRSi3FrTwKKyQCI0UnmkAkiN7VQkMoIFI6sErFDTgN81d1HM7i8cukc9Zw7IZzd15tXhfBlMExOAE14IAL0AS3oAXaAIFH8AxewKvxZLwZ78bHvLVkFDOH4A+Mzx/zKJgc</latexit><latexit sha1_base64="m+uxeG7mGioNOnfoZD/1pMaMbp4=">AAACB3icbVDLSsNAFJ3UV62v+Ni5CRah3ZREBN0IRTcuK9gHNDFMJpN26EwmzEwKNfQD/Au3unEnbv0MwY9x0mahrQcuHM65d+beEySUSGXbX0ZpZXVtfaO8Wdna3tndM/cPOpKnAuE24pSLXgAlpiTGbUUUxb1EYMgCirvB6Cb3u2MsJOHxvZok2GNwEJOIIKi05JtH7hiKZEgesppTn9aUz+pXtm9W7YY9g7VMnIJUQYGWb367IUcpw7FCFErZd+xEeRkUiiCKpxU3lTiBaAQHuK9pDBmWXjbbfmqdaiW0Ii50xcqaqb8nMsiknLBAdzKohnLRy8X/vH6qoksvI3GSKhyj+UdRSi3FrTwKKyQCI0UnmkAkiN7VQkMoIFI6sErFDTgN81d1HM7i8cukc9Zw7IZzd15tXhfBlMExOAE14IAL0AS3oAXaAIFH8AxewKvxZLwZ78bHvLVkFDOH4A+Mzx/zKJgc</latexit><latexit sha1_base64="m+uxeG7mGioNOnfoZD/1pMaMbp4=">AAACB3icbVDLSsNAFJ3UV62v+Ni5CRah3ZREBN0IRTcuK9gHNDFMJpN26EwmzEwKNfQD/Au3unEnbv0MwY9x0mahrQcuHM65d+beEySUSGXbX0ZpZXVtfaO8Wdna3tndM/cPOpKnAuE24pSLXgAlpiTGbUUUxb1EYMgCirvB6Cb3u2MsJOHxvZok2GNwEJOIIKi05JtH7hiKZEgesppTn9aUz+pXtm9W7YY9g7VMnIJUQYGWb367IUcpw7FCFErZd+xEeRkUiiCKpxU3lTiBaAQHuK9pDBmWXjbbfmqdaiW0Ii50xcqaqb8nMsiknLBAdzKohnLRy8X/vH6qoksvI3GSKhyj+UdRSi3FrTwKKyQCI0UnmkAkiN7VQkMoIFI6sErFDTgN81d1HM7i8cukc9Zw7IZzd15tXhfBlMExOAE14IAL0AS3oAXaAIFH8AxewKvxZLwZ78bHvLVkFDOH4A+Mzx/zKJgc</latexit><latexit sha1_base64="m+uxeG7mGioNOnfoZD/1pMaMbp4=">AAACB3icbVDLSsNAFJ3UV62v+Ni5CRah3ZREBN0IRTcuK9gHNDFMJpN26EwmzEwKNfQD/Au3unEnbv0MwY9x0mahrQcuHM65d+beEySUSGXbX0ZpZXVtfaO8Wdna3tndM/cPOpKnAuE24pSLXgAlpiTGbUUUxb1EYMgCirvB6Cb3u2MsJOHxvZok2GNwEJOIIKi05JtH7hiKZEgesppTn9aUz+pXtm9W7YY9g7VMnIJUQYGWb367IUcpw7FCFErZd+xEeRkUiiCKpxU3lTiBaAQHuK9pDBmWXjbbfmqdaiW0Ii50xcqaqb8nMsiknLBAdzKohnLRy8X/vH6qoksvI3GSKhyj+UdRSi3FrTwKKyQCI0UnmkAkiN7VQkMoIFI6sErFDTgN81d1HM7i8cukc9Zw7IZzd15tXhfBlMExOAE14IAL0AS3oAXaAIFH8AxewKvxZLwZ78bHvLVkFDOH4A+Mzx/zKJgc</latexit>

'(1)(tm + ⌧ ) = !(1)⌧ +

Z tm+⌧

tm

Z(1)
⇣
'(0)(t)

⌘
p(t)dt

<latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit>

'̇(1) = !(1) + Z(1)
⇣
'(0)(t)

⌘
p(t)

<latexit sha1_base64="3nidDSQSNt54MAsGW4rNGZxT02Q="></latexit><latexit sha1_base64="3nidDSQSNt54MAsGW4rNGZxT02Q="></latexit><latexit sha1_base64="3nidDSQSNt54MAsGW4rNGZxT02Q="></latexit><latexit sha1_base64="3nidDSQSNt54MAsGW4rNGZxT02Q="></latexit>

It is, for                          we compute0  ⌧  Tm
<latexit sha1_base64="uWhp3QSFKTbCERcdYZ/SP2xKdLU=">AAACAnicbVBNS8MwGE7n16wfq3r0EhyCp9GKoMehF48T9gVrKWmabmFJWpJUGGU3/4VXvXgTr/4RwR9juvWgmw+EPDzP+75580QZo0q77pdV29jc2t6p79p7+weHDefouK/SXGLSwylL5TBCijAqSE9TzcgwkwTxiJFBNL0r/cEjkYqmoqtnGQk4GguaUIy0kUKn4fqM+Brl5oLdkIdO0225C8B14lWkCSp0Qufbj1OccyI0ZkipkedmOiiQ1BQzMrf9XJEM4Skak5GhAnGigmKx+ByeGyWGSSrNERou1N8dBeJKzXhkKjnSE7XqleJ/3ijXyU1QUJHlmgi8fCjJGdQpLFOAMZUEazYzBGFJza4QT5BEWJusbNuPUhaXU00c3urn10n/suW5Le/hqtm+rYKpg1NwBi6AB65BG9yDDugBDHLwDF7Aq/VkvVnv1seytGZVPSfgD6zPHxRhlp4=</latexit><latexit sha1_base64="uWhp3QSFKTbCERcdYZ/SP2xKdLU=">AAACAnicbVBNS8MwGE7n16wfq3r0EhyCp9GKoMehF48T9gVrKWmabmFJWpJUGGU3/4VXvXgTr/4RwR9juvWgmw+EPDzP+75580QZo0q77pdV29jc2t6p79p7+weHDefouK/SXGLSwylL5TBCijAqSE9TzcgwkwTxiJFBNL0r/cEjkYqmoqtnGQk4GguaUIy0kUKn4fqM+Brl5oLdkIdO0225C8B14lWkCSp0Qufbj1OccyI0ZkipkedmOiiQ1BQzMrf9XJEM4Skak5GhAnGigmKx+ByeGyWGSSrNERou1N8dBeJKzXhkKjnSE7XqleJ/3ijXyU1QUJHlmgi8fCjJGdQpLFOAMZUEazYzBGFJza4QT5BEWJusbNuPUhaXU00c3urn10n/suW5Le/hqtm+rYKpg1NwBi6AB65BG9yDDugBDHLwDF7Aq/VkvVnv1seytGZVPSfgD6zPHxRhlp4=</latexit><latexit sha1_base64="uWhp3QSFKTbCERcdYZ/SP2xKdLU=">AAACAnicbVBNS8MwGE7n16wfq3r0EhyCp9GKoMehF48T9gVrKWmabmFJWpJUGGU3/4VXvXgTr/4RwR9juvWgmw+EPDzP+75580QZo0q77pdV29jc2t6p79p7+weHDefouK/SXGLSwylL5TBCijAqSE9TzcgwkwTxiJFBNL0r/cEjkYqmoqtnGQk4GguaUIy0kUKn4fqM+Brl5oLdkIdO0225C8B14lWkCSp0Qufbj1OccyI0ZkipkedmOiiQ1BQzMrf9XJEM4Skak5GhAnGigmKx+ByeGyWGSSrNERou1N8dBeJKzXhkKjnSE7XqleJ/3ijXyU1QUJHlmgi8fCjJGdQpLFOAMZUEazYzBGFJza4QT5BEWJusbNuPUhaXU00c3urn10n/suW5Le/hqtm+rYKpg1NwBi6AB65BG9yDDugBDHLwDF7Aq/VkvVnv1seytGZVPSfgD6zPHxRhlp4=</latexit><latexit sha1_base64="uWhp3QSFKTbCERcdYZ/SP2xKdLU=">AAACAnicbVBNS8MwGE7n16wfq3r0EhyCp9GKoMehF48T9gVrKWmabmFJWpJUGGU3/4VXvXgTr/4RwR9juvWgmw+EPDzP+75580QZo0q77pdV29jc2t6p79p7+weHDefouK/SXGLSwylL5TBCijAqSE9TzcgwkwTxiJFBNL0r/cEjkYqmoqtnGQk4GguaUIy0kUKn4fqM+Brl5oLdkIdO0225C8B14lWkCSp0Qufbj1OccyI0ZkipkedmOiiQ1BQzMrf9XJEM4Skak5GhAnGigmKx+ByeGyWGSSrNERou1N8dBeJKzXhkKjnSE7XqleJ/3ijXyU1QUJHlmgi8fCjJGdQpLFOAMZUEazYzBGFJza4QT5BEWJusbNuPUhaXU00c3urn10n/suW5Le/hqtm+rYKpg1NwBi6AB65BG9yDDugBDHLwDF7Aq/VkvVnv1seytGZVPSfgD6zPHxRhlp4=</latexit>

Since everything is approximate, generally 

Therefore we rescale the phase: '(1)(t) ! 2⇡'(1)(t)/ (1)
m

<latexit sha1_base64="2UkdGDm7NVLtiXsxQUusVejv37w=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEjtUpIKBGMFC2OR6ENqQuQ4TmvVSSzbqVRF/RL+gL9ghYUNVWLiS3DaDNByJEvH59x77Xt8zqhUljUz1tY3Nre2Szvl3b39g0Pz6Lgjk1Rg0sYJS0TPR5IwGpO2ooqRHhcERT4jXX90l/vdMRGSJvGjmnDiRmgQ05BipLTkmVfOGAk+pE9Z1a5Nq6rmqAQ2HE6X9QuHS+pFi7tnVqy6NQdcJXZBKqBAyzO/nCDBaURihRmSsm9bXLkZEopiRqZlJ5WEIzxCA9LXNEYRkW42X28Kz7USwDAR+sQKztXfHRmKpJxEvq6MkBrKZS8X//P6qQpv3IzGPFUkxouHwpRBHUGeFQyoIFixiSYIC6r/CvEQCYSVTrRcdvyEBflUHYe9vPwq6TTqtlW3Hy4rzdsimBI4BWegCmxwDZrgHrRAG2DwDF7BG3g3XowP49OYLUrXjKLnBPyB8f0DVOGk8Q==</latexit><latexit sha1_base64="2UkdGDm7NVLtiXsxQUusVejv37w=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEjtUpIKBGMFC2OR6ENqQuQ4TmvVSSzbqVRF/RL+gL9ghYUNVWLiS3DaDNByJEvH59x77Xt8zqhUljUz1tY3Nre2Szvl3b39g0Pz6Lgjk1Rg0sYJS0TPR5IwGpO2ooqRHhcERT4jXX90l/vdMRGSJvGjmnDiRmgQ05BipLTkmVfOGAk+pE9Z1a5Nq6rmqAQ2HE6X9QuHS+pFi7tnVqy6NQdcJXZBKqBAyzO/nCDBaURihRmSsm9bXLkZEopiRqZlJ5WEIzxCA9LXNEYRkW42X28Kz7USwDAR+sQKztXfHRmKpJxEvq6MkBrKZS8X//P6qQpv3IzGPFUkxouHwpRBHUGeFQyoIFixiSYIC6r/CvEQCYSVTrRcdvyEBflUHYe9vPwq6TTqtlW3Hy4rzdsimBI4BWegCmxwDZrgHrRAG2DwDF7BG3g3XowP49OYLUrXjKLnBPyB8f0DVOGk8Q==</latexit><latexit sha1_base64="2UkdGDm7NVLtiXsxQUusVejv37w=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEjtUpIKBGMFC2OR6ENqQuQ4TmvVSSzbqVRF/RL+gL9ghYUNVWLiS3DaDNByJEvH59x77Xt8zqhUljUz1tY3Nre2Szvl3b39g0Pz6Lgjk1Rg0sYJS0TPR5IwGpO2ooqRHhcERT4jXX90l/vdMRGSJvGjmnDiRmgQ05BipLTkmVfOGAk+pE9Z1a5Nq6rmqAQ2HE6X9QuHS+pFi7tnVqy6NQdcJXZBKqBAyzO/nCDBaURihRmSsm9bXLkZEopiRqZlJ5WEIzxCA9LXNEYRkW42X28Kz7USwDAR+sQKztXfHRmKpJxEvq6MkBrKZS8X//P6qQpv3IzGPFUkxouHwpRBHUGeFQyoIFixiSYIC6r/CvEQCYSVTrRcdvyEBflUHYe9vPwq6TTqtlW3Hy4rzdsimBI4BWegCmxwDZrgHrRAG2DwDF7BG3g3XowP49OYLUrXjKLnBPyB8f0DVOGk8Q==</latexit><latexit sha1_base64="2UkdGDm7NVLtiXsxQUusVejv37w=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEjtUpIKBGMFC2OR6ENqQuQ4TmvVSSzbqVRF/RL+gL9ghYUNVWLiS3DaDNByJEvH59x77Xt8zqhUljUz1tY3Nre2Szvl3b39g0Pz6Lgjk1Rg0sYJS0TPR5IwGpO2ooqRHhcERT4jXX90l/vdMRGSJvGjmnDiRmgQ05BipLTkmVfOGAk+pE9Z1a5Nq6rmqAQ2HE6X9QuHS+pFi7tnVqy6NQdcJXZBKqBAyzO/nCDBaURihRmSsm9bXLkZEopiRqZlJ5WEIzxCA9LXNEYRkW42X28Kz7USwDAR+sQKztXfHRmKpJxEvq6MkBrKZS8X//P6qQpv3IzGPFUkxouHwpRBHUGeFQyoIFixiSYIC6r/CvEQCYSVTrRcdvyEBflUHYe9vPwq6TTqtlW3Hy4rzdsimBI4BWegCmxwDZrgHrRAG2DwDF7BG3g3XowP49OYLUrXjKLnBPyB8f0DVOGk8Q==</latexit>

'(1)(tm + Tm) =  (1)
m 6= 2⇡

<latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit>

Quantities          will be used to monitor convergence of iterations (k)
m

<latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit>
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Second iteration

We obtained 

x(t) would be periodic. In practice, because noise is inevitable, the oscillation would be almost periodic. The technique of
extracting the PRC crucially depends on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase estimation with the conventional technique
of embedding the signal via the Hilbert transform6–8 and performing the protophase-to-phase transformation9.

Once an estimate of the phase j(t) is obtained, the instantaneous frequency j̇(t) can be numerically estimated, and then,
representing the PRC as a finite Fourier series,

Z(j) = a0 +
N

Â
n=1

[an cos(nj)+bn sin(nj)] , (2)

we obtain from Eq. (1) a system of linear equations with respect to the unknown frequency w and the Fourier coefficients an,
bn. Provided we have a good resolution and long enough time series, this system is overdetermined and can be solved by means
of optimization, e.g., least squares minimization. Notice that this can be done for an arbitrary form of perturbation p(t). Thus, a
common approach to the problem revolves around estimating the phase j and its derivative j̇ (the latter requires numerical
differentiation and is therefore sensitive to noise). For cases when the signal has a complex form and there is no unique center
of rotation in the Hilbert representation, alternative ways of estimating j and j̇ shall be used. For example, in the setup of two
pulse-coupled neurons with similar frequencies the phase is simply linearly interpolated between spikes10, or in studies of the
interaction between the respiratory and cardiac oscillators several markers within each cycle of the electrocardiogram are used
to determine the phase11. Such ad hoc techniques proved being useful, albeit they tend to be setup-specific and lack generality.

To that end we introduce a technique that does not require computation of continuous phase j and instantaneous frequency
j̇ from the data. For our approach, in addition to continuous observation of the input forcing p(t), it is sufficient to outline only
one well-defined marker within each cycle of x(t) so that the times tm of these events can be considered as the instants of return
to a Poincaré surface of section. Correspondingly, these events can be assigned the same value of the phase which without loss
of generality can be set to zero, j(tm) = 0. For these events one can choose spikes, threshold crossings, or even bursts (an
example can be found in the Supplementary material online, Fig. S4). So, in analysis of spiking neurons it is natural to use
spikes since they can be reliably detected while the signal between them can be dominated by noise. The phase increase within
each inter-event interval, Tm = tm+1 � tm, is defined to be 2p .

In what is the first key step of our approach, we integrate Eq. (1) over each interval Tm, replacing Z(j) by its Fourier
representation via Eq. (2),

2p = wTm +a0

tm+TmZ

tm

p(t)dt +
N

Â
n=1

2

4an

tm+TmZ

tm

p(t)cos[nj(t)]dt +bn

tm+TmZ

tm

p(t)sin[nj(t)]dt

3

5 . (3)

Certainly, the computation of the right hand side requires knowledge of the phase. Here we point out that in the limit of
vanishing perturbations, the phase between events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase j(t) = (t � tm)/Tm, inserting it in Eq. (3), numerically computing
all the integrals, and solving the linear system by means of optimization, cf.10. However, for stronger driving amplitudes the
increased inaccuracy of the linear approximation unavoidably translates to inaccuracy of the solution. We address this with
the second key step in our technique, where the phase is estimated through an iterative procedure, by solving systems (1) and
(3) in turns. For the zeroth approximation of the phase we linearly interpolate it between events, j(0)(t) = (t � tm)/Tm. Then,
inserting it in Eq. (3) and solving the system we obtain the first approximation of the solution w(1),Z(1). The next approximation
of the phase is obtained by numerically integrating Eq. (1), i.e., by solving j̇(1) = w(1) +Z(1)[j(0)(t)]p(t) separately for each
inter-event interval, taking j(1)(tm) = 0 for initial conditions. Since the phase j(0), natural frequency w(1), and PRC Z(1) are
known only approximately, the computed phase at the end of the interval, j(1)(tm +Tm) = y(1)

m , generally differs from the
correct value 2p . Therefore, we rescale the phase within each interval: j(1)(t)! 2pj(1)(t)/y(1)

m . This rescaled phase is then
used to obtain the second approximation of the solution w(2), Z(2), and then the whole procedure can be repeated to obtain
further ones. As illustrated below, the iterations typically converge to the true solution and the quantities y(k)

m can be used to
monitor the convergence.

Numerical tests
First we mention that for clarity of presentation we always set the natural frequency of the oscillator w to 2p , thus ensuring
the period of an unperturbed oscillator is T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this paper, unless specified differently, we use k = 10 iteration steps, N = 10 Fourier
harmonics, time of simulation tsim = 500 and time step dt = 0.001.

2/8

Eq.(⇤)
<latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit>

substitute into           , compute numerically all integrals Eq.(⇤)
<latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit>

system of M linear equations for 2N+2 coefficients 

for M>2N+2 we solve the system using l.m.s. optimisation 

'(1)(t)
<latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit>

second approximation for frequency and PRC !(2), Z(2)
<latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit>
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Second and further iterations

We obtained 

x(t) would be periodic. In practice, because noise is inevitable, the oscillation would be almost periodic. The technique of
extracting the PRC crucially depends on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase estimation with the conventional technique
of embedding the signal via the Hilbert transform6–8 and performing the protophase-to-phase transformation9.

Once an estimate of the phase j(t) is obtained, the instantaneous frequency j̇(t) can be numerically estimated, and then,
representing the PRC as a finite Fourier series,

Z(j) = a0 +
N

Â
n=1

[an cos(nj)+bn sin(nj)] , (2)

we obtain from Eq. (1) a system of linear equations with respect to the unknown frequency w and the Fourier coefficients an,
bn. Provided we have a good resolution and long enough time series, this system is overdetermined and can be solved by means
of optimization, e.g., least squares minimization. Notice that this can be done for an arbitrary form of perturbation p(t). Thus, a
common approach to the problem revolves around estimating the phase j and its derivative j̇ (the latter requires numerical
differentiation and is therefore sensitive to noise). For cases when the signal has a complex form and there is no unique center
of rotation in the Hilbert representation, alternative ways of estimating j and j̇ shall be used. For example, in the setup of two
pulse-coupled neurons with similar frequencies the phase is simply linearly interpolated between spikes10, or in studies of the
interaction between the respiratory and cardiac oscillators several markers within each cycle of the electrocardiogram are used
to determine the phase11. Such ad hoc techniques proved being useful, albeit they tend to be setup-specific and lack generality.

To that end we introduce a technique that does not require computation of continuous phase j and instantaneous frequency
j̇ from the data. For our approach, in addition to continuous observation of the input forcing p(t), it is sufficient to outline only
one well-defined marker within each cycle of x(t) so that the times tm of these events can be considered as the instants of return
to a Poincaré surface of section. Correspondingly, these events can be assigned the same value of the phase which without loss
of generality can be set to zero, j(tm) = 0. For these events one can choose spikes, threshold crossings, or even bursts (an
example can be found in the Supplementary material online, Fig. S4). So, in analysis of spiking neurons it is natural to use
spikes since they can be reliably detected while the signal between them can be dominated by noise. The phase increase within
each inter-event interval, Tm = tm+1 � tm, is defined to be 2p .

In what is the first key step of our approach, we integrate Eq. (1) over each interval Tm, replacing Z(j) by its Fourier
representation via Eq. (2),

2p = wTm +a0

tm+TmZ

tm

p(t)dt +
N

Â
n=1

2

4an

tm+TmZ

tm

p(t)cos[nj(t)]dt +bn

tm+TmZ

tm

p(t)sin[nj(t)]dt

3

5 . (3)

Certainly, the computation of the right hand side requires knowledge of the phase. Here we point out that in the limit of
vanishing perturbations, the phase between events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase j(t) = (t � tm)/Tm, inserting it in Eq. (3), numerically computing
all the integrals, and solving the linear system by means of optimization, cf.10. However, for stronger driving amplitudes the
increased inaccuracy of the linear approximation unavoidably translates to inaccuracy of the solution. We address this with
the second key step in our technique, where the phase is estimated through an iterative procedure, by solving systems (1) and
(3) in turns. For the zeroth approximation of the phase we linearly interpolate it between events, j(0)(t) = (t � tm)/Tm. Then,
inserting it in Eq. (3) and solving the system we obtain the first approximation of the solution w(1),Z(1). The next approximation
of the phase is obtained by numerically integrating Eq. (1), i.e., by solving j̇(1) = w(1) +Z(1)[j(0)(t)]p(t) separately for each
inter-event interval, taking j(1)(tm) = 0 for initial conditions. Since the phase j(0), natural frequency w(1), and PRC Z(1) are
known only approximately, the computed phase at the end of the interval, j(1)(tm +Tm) = y(1)

m , generally differs from the
correct value 2p . Therefore, we rescale the phase within each interval: j(1)(t)! 2pj(1)(t)/y(1)

m . This rescaled phase is then
used to obtain the second approximation of the solution w(2), Z(2), and then the whole procedure can be repeated to obtain
further ones. As illustrated below, the iterations typically converge to the true solution and the quantities y(k)

m can be used to
monitor the convergence.

Numerical tests
First we mention that for clarity of presentation we always set the natural frequency of the oscillator w to 2p , thus ensuring
the period of an unperturbed oscillator is T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this paper, unless specified differently, we use k = 10 iteration steps, N = 10 Fourier
harmonics, time of simulation tsim = 500 and time step dt = 0.001.

2/8

Eq.(⇤)
<latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov 0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit>

substitute into           , compute numerically all integrals Eq.(⇤)
<latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit><latexit sha1_base64="gJc3nZWVXhFYp/vAAHHs5+gnPrU=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoLkIigi6LIrisYB/QhjKZTNqxk5k4MxFC6D+41Y07cevnCH6MkzYLrR4YOJxz7517T5AwqrTrflqVpeWV1bXqur2xubW9U9vd6yiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkGk6vC7z4SqajgdzpLiB+jEacRxUgbqXP94DROjoe1uuu4M8C/xCtJHZRoDWtfg1DgNCZcY4aU6ntuov0cSU0xI1N7kCqSIDxBI9I3lKOYKD+fbTuFR0YJYSSkeVzDmfqzI0exUlkcmMoY6bFa9ArxP6+f6ujCzylPUk04nn8UpQxqAYvTYUglwZplhiAsqdkV4jGSCGsTkG0PAsHCYqqJw1s8/i/pnDqe63i3Z/XmZRlMFRyAQ9AAHjgHTXADWqANMLgHT+AZvFiZ9Wq9We/z0opV9uyDX7A+vgHZyZIC</latexit>

system of M linear equations for 2N+2 coefficients 

for M>2N+2 we solve the system using l.m.s. optimisation 

'(1)(t)
<latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit><latexit sha1_base64="V3T0MeKLPGpyJ1TVeXI+SoUImuA=">AAACA3icbVDLSsNAFJ34rPEVdelmsAjtpiQi6LLoxmUF+4Amlslk0g6dzISZSaGELv0Lt7pxJ279EMGPcdJmoa0HLhzOuXfm3hOmjCrtul/W2vrG5tZ2Zcfe3ds/OHSOjjtKZBKTNhZMyF6IFGGUk7ammpFeKglKQka64fi28LsTIhUV/EFPUxIkaMhpTDHSRho4jj9BMh3Rx7zm1Wc1XR84VbfhzgFXiVeSKijRGjjffiRwlhCuMUNK9T031UGOpKaYkZntZ4qkCI/RkPQN5SghKsjnm8/guVEiGAtpims4V39P5ChRapqEpjNBeqSWvUL8z+tnOr4OcsrTTBOOFx/FGYNawCIGGFFJsGZTQxCW1OwK8QhJhLUJy7b9ULCoeNXE4S0fv0o6Fw3PbXj3l9XmTRlMBZyCM1ADHrgCTXAHWqANMJiAZ/ACXq0n6816tz4WrWtWOXMC/sD6/AFe+pa7</latexit>

second approximation for frequency and PRC !(2), Z(2)
<latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit><latexit sha1_base64="4eBj0wk0N5xQ8+OTXpS/nZsBVh4=">AAACB3icbVDLSsNAFJ3UV42v+Ni5CRahgpSkCLosunFZwT6wiWUymbRDZzJhZiLU0A/wL9zqxp249TMEP8ZJm4W2HhjmcM69d+6cIKFEKsf5MkpLyyura+V1c2Nza3vH2t1rS54KhFuIUy66AZSYkhi3FFEUdxOBIQso7gSjq9zvPGAhCY9v1TjBPoODmEQEQaWlvnXgcYYH8D6r1k8mp3ezu29VnJozhb1I3IJUQIFm3/r2Qo5ShmOFKJSy5zqJ8jMoFEEUT0wvlTiBaAQHuKdpDBmWfjbdfmIfayW0Iy70iZU9VX93ZJBJOWaBrmRQDeW8l4v/eb1URRd+RuIkVThGs4eilNqK23kUdkgERoqONYFIEL2rjYZQQKR0YKbpBZyG+VQdhzv/+UXSrtdcp+benFUal0UwZXAIjkAVuOAcNMA1aIIWQOARPIMX8Go8GW/Gu/ExKy0ZRc8++APj8we/qZf9</latexit>

!(k), Z(k), (k)
m

<latexit sha1_base64="PXiuTfCQNQyMAq4MZG2dUeWVIlE=">AAACFHicbVBNS8MwGE7n16xfVY9eqkOYIKMVQY9DLx4nuA9ca0nTdAtLmpKkwig7+w/8F1714k28ehf8MaZbDzp9IOTJ87xvkvcJU0qkcpxPo7KwuLS8Ul0119Y3Nres7Z2O5JlAuI045aIXQokpSXBbEUVxLxUYspDibji6LPzuPRaS8ORGjVPsMzhISEwQVFoKrH2PMzyAd3l9dDQ5vi13L5UkYLNDYNWchjOF/Ze4JamBEq3A+vIijjKGE4UolLLvOqnycygUQRRPTC+TOIVoBAe4r2kCGZZ+Ph1lYh9qJbJjLvRKlD1Vf3bkkEk5ZqGuZFAN5bxXiP95/UzF535OkjRTOEGzh+KM2orbRS52RARGio41gUgQ/VcbDaGASOn0TNMLOY2KW3Uc7vzwf0nnpOE6Dff6tNa8KIOpgj1wAOrABWegCa5AC7QBAg/gCTyDF+PReDXejPdZacUoe3bBLxgf3xz/naM=</latexit><latexit sha1_base64="PXiuTfCQNQyMAq4MZG2dUeWVIlE=">AAACFHicbVBNS8MwGE7n16xfVY9eqkOYIKMVQY9DLx4nuA9ca0nTdAtLmpKkwig7+w/8F1714k28ehf8MaZbDzp9IOTJ87xvkvcJU0qkcpxPo7KwuLS8Ul0119Y3Nres7Z2O5JlAuI045aIXQokpSXBbEUVxLxUYspDibji6LPzuPRaS8ORGjVPsMzhISEwQVFoKrH2PMzyAd3l9dDQ5vi13L5UkYLNDYNWchjOF/Ze4JamBEq3A+vIijjKGE4UolLLvOqnycygUQRRPTC+TOIVoBAe4r2kCGZZ+Ph1lYh9qJbJjLvRKlD1Vf3bkkEk5ZqGuZFAN5bxXiP95/UzF535OkjRTOEGzh+KM2orbRS52RARGio41gUgQ/VcbDaGASOn0TNMLOY2KW3Uc7vzwf0nnpOE6Dff6tNa8KIOpgj1wAOrABWegCa5AC7QBAg/gCTyDF+PReDXejPdZacUoe3bBLxgf3xz/naM=</latexit><latexit sha1_base64="PXiuTfCQNQyMAq4MZG2dUeWVIlE=">AAACFHicbVBNS8MwGE7n16xfVY9eqkOYIKMVQY9DLx4nuA9ca0nTdAtLmpKkwig7+w/8F1714k28ehf8MaZbDzp9IOTJ87xvkvcJU0qkcpxPo7KwuLS8Ul0119Y3Nres7Z2O5JlAuI045aIXQokpSXBbEUVxLxUYspDibji6LPzuPRaS8ORGjVPsMzhISEwQVFoKrH2PMzyAd3l9dDQ5vi13L5UkYLNDYNWchjOF/Ze4JamBEq3A+vIijjKGE4UolLLvOqnycygUQRRPTC+TOIVoBAe4r2kCGZZ+Ph1lYh9qJbJjLvRKlD1Vf3bkkEk5ZqGuZFAN5bxXiP95/UzF535OkjRTOEGzh+KM2orbRS52RARGio41gUgQ/VcbDaGASOn0TNMLOY2KW3Uc7vzwf0nnpOE6Dff6tNa8KIOpgj1wAOrABWegCa5AC7QBAg/gCTyDF+PReDXejPdZacUoe3bBLxgf3xz/naM=</latexit><latexit sha1_base64="PXiuTfCQNQyMAq4MZG2dUeWVIlE=">AAACFHicbVBNS8MwGE7n16xfVY9eqkOYIKMVQY9DLx4nuA9ca0nTdAtLmpKkwig7+w/8F1714k28ehf8MaZbDzp9IOTJ87xvkvcJU0qkcpxPo7KwuLS8Ul0119Y3Nres7Z2O5JlAuI045aIXQokpSXBbEUVxLxUYspDibji6LPzuPRaS8ORGjVPsMzhISEwQVFoKrH2PMzyAd3l9dDQ5vi13L5UkYLNDYNWchjOF/Ze4JamBEq3A+vIijjKGE4UolLLvOqnycygUQRRPTC+TOIVoBAe4r2kCGZZ+Ph1lYh9qJbJjLvRKlD1Vf3bkkEk5ZqGuZFAN5bxXiP95/UzF535OkjRTOEGzh+KM2orbRS52RARGio41gUgQ/VcbDaGASOn0TNMLOY2KW3Uc7vzwf0nnpOE6Dff6tNa8KIOpgj1wAOrABWegCa5AC7QBAg/gCTyDF+PReDXejPdZacUoe3bBLxgf3xz/naM=</latexit>
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Monitoring convergence

'(1)(tm + ⌧ ) = !(1)⌧ +

Z tm+⌧

tm

Z(1)
⇣
'(0)(t)

⌘
p(t)dt

<latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit><latexit sha1_base64="gh2ETqpGV9QN0meq+PjsusHmJxc="></latexit>

Since everything is approximate, generally 

'(1)(tm + Tm) =  (1)
m 6= 2⇡

<latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit><latexit sha1_base64="0hlXdY8nCbtXa/uB9NwB617JZho=">AAACHnicbVDLSgMxFM34rPU16tJNsAgthTJTBN0IRTcuK/QFnTpk0rQNTTIhyRTK0I/wD/wLt7pxJ24V/BjTx0JbD1w4nHNvcu+JJKPaeN6Xs7a+sbm1ndnJ7u7tHxy6R8cNHScKkzqOWaxaEdKEUUHqhhpGWlIRxCNGmtHwduo3R0RpGouaGUvS4agvaI9iZKwUusVghJQc0Ic07xcmeRPyYi3khetAahryuRoIAsuBpKGb80reDHCV+AuSAwtUQ/c76MY44UQYzJDWbd+TppMiZShmZJINEk0kwkPUJ21LBeJEd9LZURN4bpUu7MXKljBwpv6eSBHXeswj28mRGehlbyr+57UT07vqpFTIxBCB5x/1EgZNDKcJwS5VBBs2tgRhRe2uEA+QQtjYHLPZIIpZd/qqjcNfPn6VNMol3yv59xe5ys0imAw4BWcgD3xwCSrgDlRBHWDwCJ7BC3h1npw35935mLeuOYuZE/AHzucP4wShHw==</latexit>

We introduce the average error 

 (k)
m

<latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit><latexit sha1_base64="clMltrylWneO7agPhXyhl0BHuAk=">AAAB/XicbVDLSgMxFM34rOOr6tJNsAh1U2ZE0GXRjcsK9gGdsWQymTY0mYQkI5Sh+BdudeNO3Potgh9jpp2Fth64cDjn3uTeE0lGtfG8L2dldW19Y7Oy5W7v7O7tVw8OO1pkCpM2FkyoXoQ0YTQlbUMNIz2pCOIRI91ofFP43UeiNBXpvZlIEnI0TGlCMTJWCgKp6YA/5PXx2XRQrXkNbwa4TPyS1ECJ1qD6HcQCZ5ykBjOkdd/3pAlzpAzFjEzdINNEIjxGQ9K3NEWc6DCf7TyFp1aJYSKUrdTAmfp7Ikdc6wmPbCdHZqQXvUL8z+tnJrkKc5rKzJAUzz9KMgaNgEUAMKaKYMMmliCsqN0V4hFSCBsbk+sGkWBx8aqNw188fpl0zhu+1/DvLmrN6zKYCjgGJ6AOfHAJmuAWtEAbYCDBM3gBr86T8+a8Ox/z1hWnnDkCf+B8/gC0mZVl</latexit>

Recall:

� = h( m � 2⇡)2i1/2
<latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit>

and similarly for further iterations,

to be compared with 

� T = h(h!iTm � 2⇡)2i1/2 where h!i = h2⇡/Tmi
<latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit>

(error of trivial prediction with average period)
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Quality of the PRC estimation

We introduce the average error � = h( m � 2⇡)2i1/2
<latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit><latexit sha1_base64="2aUrtwWZCXmKmnVoImTIK3/TR7s="></latexit>

to be compared with 

� T = h(h!iTm � 2⇡)2i1/2 where h!i = h2⇡/Tmi
<latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit><latexit sha1_base64="kVaXY0gFZAnHqTFFeaAgdEI7VuI="></latexit>

(error of trivial prediction with average period)

The measure  quantifies the quality of the estimationE = Δψ /ΔψT

This measure can and shall be used with any inference technique!



Inferring 1st-order phase-isostable dynamics 
(IPID-1 technique)
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First, we infer PRC; this also yields .  
From  we obtain time events  of equal phase, 

φ(t)
φ(t) τi φ(τi) = const

For a noise-free unperturbed system, the observed signal  
would be  
For the perturbed system, we write in the 1st order: 

s(τi) = const = s0

ψi = c(ψ(τi) − s0) ( * )

Generally, . However, at points  phase 
is the same. Hence,  and  in Eq. (*) are constants. 
Additionally,  is defined up to a constant factor 

c = c(φ) , s0 = s0(φ) τi

c s0

ψ ⟹ c = 1



IPID-1 technique

38

We integrate the isostable dynamics ·ψ = κψ + I(φ)p(t)

Using , we write the l.h.s. as ψi = c(ψ(τi) − s0) s(τi+1) − s(τi)

Substituting  as a finite Fourier series, we obtain a linear  

system, but we have to compute the integral 

I(φ)

κ∫
τi+1

τi

ψ(t)dt

We write it as 



IPID-1 technique II
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We write it as 

becomes another 
variable for the 
linear system

this function is known in endpoints:  
 ψ(τi) + s0 = s(τi)

ψ(τi+1) + s0 = s(τi+1)

we approximate

we solve the linear system and obtain the 1st-approximation 
                                  s(1)

0 , κ(1) , I(1)(φ)



IPID-1 technique III
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we solve the linear system and obtain the 1st-approximation 
                                  s(1)

0 , κ(1) , I(1)(φ)

again, we use iterations to obtain next approximations

starting with , we compute s(m)
0 , κ(m) , I(m)(φ)

ψ(m)(τi)

and solve the linear system to obtain s(m+1)
0 , κ(m+1) , I(m+1)(φ)



Monitoring the inference’s error
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starting with , we compute s(m)
0 , κ(m) , I(m)(φ)

ψ(m)(τi)

Our model is not exact, hence

We define the error as

and compare it with the signal’s variability at events 



Results for test models with known Z(φ), I(φ)
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Results for test models with known Z(φ), I(φ)
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We constructed test models with known  and   
These models generate different waveforms

Z(φ) I(φ)



Results for test models with known Z(φ), I(φ)
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Further results for the IPID-1 technique
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It is most reliable technique in the presence of noise

It performs better for a high-dimensional chaotic system 
(ensemble of globally-coupled  Bonhoeffer -van der Pol  
systems with chaotic mean field) 

observable of the unperturbed system



Further results for the IPID-1 technique
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It performs better for a high-dimensional chaotic system

error of PRC inference



Further results for the IPID-1 technique
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It yields better envelope than the Hilbert Transform



Further results for the IPID-1 technique
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It yields better envelope than the Hilbert Transform



49

Conclusions

• Reconstruction of the phase - isostable dynamics 
- is independent of the observable  
- robust against noise 
- requires shorter time series 


• Inference of the PRC for arbitrary pulse shape


• Test models with known ground truth 


• Estimation of the inference error from data
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