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Transitions to Cardiac Arrhythmias
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Outline

• the heart - a network of electrically and mechanically 
coupled contracting cardiac cells 

• excitable media, (chaotic) spiral waves, and phase 
singularities 

• virtual electrodes and low-energy defibrillation 
• (transient) chaos and complexity in cardiac arrhythmias
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The Heart

https://www.mayoclinic.org/diseases-conditions/heart-disease/multimedia/circulatory-system/vid-20084745
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J. Heuser, http://commons.wikimedia.org/wiki/File:RLS_12blauLeg.png

https://www.mayoclinic.org/diseases-conditions/heart-disease/multimedia/circulatory-system/vid-20084745
http://commons.wikimedia.org/wiki/File:RLS_12blauLeg.png
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Network of Cardiomyocytes

BruceBlaus - Own work, CC BY-SA 4.0,   
https://commons.wikimedia.org/w/
index.php?curid=44969447

myofibrils 
provide mechanical 
contraction
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provide adenosine 
triphosphate (ATP) 
supply of the cell

cardiac muscle fibers

  cardiac muscle cells
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intercalated discs   
separate cells and 
consist of gap 
junctions that allow 
ions to propagate to 
neighbouring cell © Kornreich & Fenton

Ventricular Cell
~10μm x100μm

https://commons.wikimedia.org/w/index.php?curid=44969447
https://commons.wikimedia.org/w/index.php?curid=44969447
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Excitable Systems

Generation of an Action Potential
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Excitable Systems

themselves, and other regulatory elements attached to them.
Such phosphorylation is the final event in a signal amplifica-
tion cascade that begins with β1 adrenergic receptor activa-
tion, either by sympathetic nerves or by circulating catecho-
lamines. This subsequently allows the activation of adenylate
cyclase and the generation of cyclic AMP, which in turn
switches on phosphorylating enzymes such as protein kinase
A. In this way the activity of cardiac E-C coupling can be
modified by adrenergic input and this process underlies the
improvements in haemodynamic variables seen with many
positive inotropic drugs and the fight and flight response of
the heart. Important functional consequences of phosphoryla-
tion include a greater influx of calcium through the L type
voltage dependent channel for any given depolarisation and a
greater release of SR calcium through RyR2.1 These directly
inotropic enhancing consequences are balanced by the
lusitropic effects of greater SR calcium reuptake through
SERCA (as a result of phosphorylation of its regulatory
protein phospholamban) and the dissociation of calcium from

troponin, which occurs when this myofilament protein is
phosphorylated. Although these lusitropic actions enhance
myocyte relaxation they are nevertheless key to ensuring suf-
ficient SR calcium is available for the next wave of depolarisa-
tion and thus also contribute to the overall gain in cardiac E-C
coupling that adrenergic stimulation mediates.

CARDIAC EXCITATION–CONTRACTION COUPLING
IN THE FAILING HEART
At the cellular level various factors may contribute towards
defective contractile function in heart failure, including apop-
tosis, energy starvation, altered contractile protein expression,
and cytoskeleton/microtubule derangements.8 In addition,
defective myocyte handling of calcium also appears to be a
central cause of both contractile dysfunction and arrhythmia
development in heart failure. Several specific defects within
the E-C coupling cascade have been detected (fig 3), but per-
haps the most important of these is the observation that SR
calcium stores are significantly reduced in heart failure.9 The
intracellular Ca2+ transient required to initiate contraction is
dependent on a sufficient SR calcium store and its subsequent
release. When this store is depleted, SR calcium release will be
curtailed, in terms of both its amplitude and duration, and as
a result reduced contractile force is generated.10 The likely
cause of this deficiency is a downregulation or reduced activ-
ity of SERCA,11 resulting in reduced loading of the SR with
calcium. A further contributory factor may be upregulation of
NCX,12 which also occurs in heart failure and may promote the
removal of vital calcium from the cell. Reduced activity of
RyR2 does not appear to be a significant factor in reduced SR
calcium release; in fact there is evidence that RyR2 function
may be augmented as a compensatory mechanism to
overcome this deficiency.13 Over time, however, this would also
serve to deplete further SR calcium stores regardless of any
short term increase in calcium induced calcium release.
Furthermore a diastolic leak of SR calcium (through RyR2
channels, the gating properties of which have been modified
by phosphorylation) has been convincingly proposed as the
mechanism whereby delayed afterdepolarisations, triggered
ventricular arrhythmias, and sudden death in heart failure
can occur.14 15 In addition, upregulation of NCX has also been
shown to be a proarrhythmic phenomenon which facilitates

Figure 1 Cardiomyocyte
excitation–contraction coupling.
Major components of E-C coupling
within the myocyte are shown. The
movement of Ca2+ around the cell is
indicated by bold arrows. Note the
close association of sarcoplasmic
reticulum RyR2 with the sarcolemmal L
type voltage dependent channel
(box), allowing localised calcium
induces calcium release events to take
place. SR, sarcoplasmic reticulum.

Figure 2 Diagram showing the temporal relation between the
cardiac action potential (blue), the intracellular Ca2+ transient (red),
and contractile force generation (green). The latter is derived from
the fractional shortening of the myocyte cell length during the
contraction–relaxation cycle.
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Excitation-Contraction Coupling

from: M. Scoote et al., Heart 89, 371–376 (2003)

Action Potential

Ca2+ Release

Cell Contraction

electrical excitation

mechanical contraction

Mechanical perturbation 
induces electrical stimulation via 
stretch activated ion channels.
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Excitable Systems

Mathematical Models of Cardiac Dynamics

simple qualitative models: e.g., Barkley (2),  FitzHugh-Nagumo (2), Aliev-Panfilov (2), …

detailed ionic models: e.g., Luo-Rudy-II (15), Majahan (27), Bondarenko (44), …

local cell dynamics (15-30 variables, 150 - 300 parameters!)

see Scholarpedia article by F. Fenton and E. Cherry discussing 45 models of cardiac cells

generic qualitative models: e.g., Fenton-Karma (3), Beeler-Reuter (8), …

Iion(Vm,h) =
�

x

Ix(Vm,h) + Iinjection

ionic currents 

2.1. MATHEMATICAL BACKGROUND 33

Rearranging for @Vm/@t yields the mono-domain equation

@Vm

@t
= r ·DrVm � Iion(Vm,h)/Cm

@h

@t
= H(Vm,h)

9
>>=

>>;
in D

(2.13a)

(2.13b)

where now D = �i/[�Cm(1 + ↵
�1)]. In the limit ↵ ! 1, the definition of D is equal to

that in equation (2.11). Similarly, the ve term in equation (2.11) becomes irrelevant if �⇤
e

is a scaled �i, because then r · Drve = 0 follows from r · �
⇤
erve = 0. Equation (2.11)

and equation (2.13) are thus consistent in the sense that they are equivalent when the

assumptions for both mono-domain descriptions are fulfilled.

Note that the mono-domain description (2.13) is completely equivalent to the full bi-

domain model, but numerically cheap compared to equation (2.9). Consequently, for the

case �e = ↵�i, numerical simulation of the bi-domain model is usually superfluous. There

is, however, one caveat: from the set of boundary conditions (2.10), no boundary condition

for the membrane potential alone can be derived. Also, unlike in equation (2.11), ve is

not decoupled from the membrane potential dynamics and so equation (2.10a) cannot be

enforced unless ve is calculated, which would defeat the original purpose of a mono-domain

formulation. The usual (somewhat nonphysical) solution to this dilemma is to apply the

ad-hoc no-flux boundary condition

n ·DrVm = 0 on @D. (2.14)

This is su�cient for modeling the dynamics inside a tissue domain D, where the boundary

of the domain is not meant to be a physical part of the system but rather a computational

necessity. However, it is only a valid simplification, if one can rule out any influence of the

boundary condition on the e↵ects one wants to study. Sometimes, the no-flux boundary

condition is physically justified, for example, if the extracellular space is known to be insu-

lated electrically at the tissue boundary. However, in particular in this thesis, investigating

e↵ects at the boundaries of the tissue due to the conductive connection of the extracellu-

lar space to the surrounding environment is the original purpose of the modeling. In this

case, an alternative solution is to assume that ↵ and the outside conductivity �o are large,

which decouples the corresponding potentials from the dynamics of the membrane poten-

tial and makes them parameters as seen for equation (2.11). This way, an extracellular

or outside potential (e.g., a uniform electric field) can be assumed rather than calculated,

which makes it possible to use equation (2.10a) itself or a boundary condition obtained

by subtracting equation (2.10c) from equation (2.10a):

n ·Dr(Vm + ve) = 0 on @D (2.15)

or

n · ↵�i|{z}
=�e

rVm = �n · �orvo on @D (2.16)

The second boundary condition (2.16) will be used in section 3.2 to study the e↵ect of

electric fields near boundaries of the tissue. As for the bi-domain model (2.9), the mono-

membrane 
voltage

continuum models averaging electrical behaviour of many cells
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Simple generic system:  The Barkley model

http://www.scholarpedia.org/article/Barkley_model
D. Barkley et al., Phys. Rev. A 4, 2489 (1990)  
D. Barkley, Physica D 49, 6170 (1991)

uth =
v + b

a

time scale of the fast variable 
measure for action potential duration  
measure for excitation thresholdb/a

a
1/✏ u

!9

Excitable Systems

�u

�t
=

1

�
u(1 � u) (u � uth)

�v

�t
= u � v
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The Barkley model

@u

@t
=

1

"
u(1� u) (u� uth) +D ·r2u

@v

@t
= u� v uth =

v + b

a

local dynamics diffusive coupling

with:

time scale of the fast variable 
measure for action potential duration  
measure for excitation thresholdb/a

a
1/✏ u

!10

Excitable Media

D. Barkley et al., Phys. Rev. A 4, 2489 (1990)  
D. Barkley, Physica D 49, 6170 (1991) http://www.scholarpedia.org/article/Barkley_model

http://www.scholarpedia.org/article/Barkley_model
http://www.apple.com/uk
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Excitation waves (Barkley model) 

simulations:  P. Bittihn

refractory region     
(currently not excitable)

!11

Excitable Media

local stimulation 
in the center

no flux boundary conditions
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Excitable Media

Spiral waves (Barkley model) 

simulations:  P. Bittihn
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Excitable Media

Development of spiral waves 
after hydrodynamic breaking of 
a concentric wave www.scholarpedia.org

The	Belousov-Zhabo/nsky	(BZ)	reac/on Geographic Tongue

By Geographic_tongue.JPG: Martanopuederivative work: Jbarta - 
This file was derived from: Geographic tongue.JPG:, CC BY-SA 3.0, 
https://commons.wikimedia.org/w/index.php?curid=24437119

inflammatory condition of the 
mucous membrane of the tongue
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Excitable Media

Spiral Tips and Phase Singularities
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Excitable Media
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Spiral Tips and Phase Singularities



F. Fenton, E. Cherry 
thevirtualheart.org
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Dynamics of Phase Singularities
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2D

scroll	wave filaments

3D

WebGL simulations

http://thevirtualheart.org
http://thevirtualheart.org/GPU/WebGL_GPU_spiral_waves_heart.html
http://dev1.thevirtualheart.org/Media/WebGL.html
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Optical Mapping

Measuring Cardiac Dynamics

Light source 

Excitation filter

Visualisation of membrane voltage and Ca+ concentration 
on the surface of the heart using fluorescent dyes
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Measuring Cardiac Dynamics

Optical mapping in Langendorff perfusion system

J. Schröder-Schetelig

Ventricular Fibrillation
pig 

heart

• 100.000 – 200.000 cases of sudden cardiac 
deaths in Germany per year

using voltage sensitive fluorescent dyes
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Measuring Cardiac Dynamics

J. Christoph et al., Electromechanical vortex filaments during cardiac fibrillation, Nature 555, 667 (2018)

Visualizing mechanical scroll waves within the heart muscle 
using highspeed ultrasound 
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(Fig. 2a and Extended Data Fig. 9c). In general, we found that the 
cardiac muscle exhibits deformations during cardiac fibrillation20 
that retain vortex-like patterns and, like fingerprints of electrical  
vortex activity, reveal the topological organization of cardiac fibrilla-
tion throughout the heart wall. Furthermore, we found that rotational  
centres of the mechanical rotor patterns can be displayed as phase 
singular points or filament-like lines of phase singularity, as has  
been shown previously for electrical activity12,13 (see Supplementary 
Videos 1, 2, 6–8, 11).

To further elucidate the dynamics of electrical and mechanical  
vortex filaments, we conducted computer simulations of scroll waves in 
excitable and contractile cardiac tissue (see Methods). Figure 2c, d show 
simulation data of electromechanical vortex filament dynamics using 
realistic heart geometry and fibre orientation. Our simulations indicate 
that electromechanical turbulence in the heart is composed of entangled 
pairs of co-existing electromechanic vortex filaments. The  filaments 
emerge in close vicinity to each other due to electromechanical  
coupling (Supplementary Video 3). The simulations suggest that the 
experimentally observed mechanical filaments inside the ventricular 
wall may be intrinsic dynamical entities that can be used to characterize 
the spatiotemporal organization of cardiac fibrillation.

To investigate the dynamics and interaction of electrical and 
mechani cal rotors experimentally, we have developed a multi-modal 
fluorescence imaging system, which allows for the simultaneous meas-
urement of membrane voltage, intracellular calcium and mechanical 
strain on the surface of the heart (Fig. 3b–d). Standard optical mapping 
is very sensitive to mechanical motion of tissue, which may result in 

substantial distortions of the signal. To avoid these motion artefacts21, 
pharmacological excitation–contraction uncoupling agents have been 
applied in previous experiments to inhibit any contractile motion of the 
heart. By contrast, we used computer vision techniques to  disentangle 
fluorescence signals (voltage, calcium) from mechanical deforma-
tion, which not only overcomes the limitations imposed by motion  
artefacts22–26, but also enables quantitative motion analysis 
(Supplementary Videos 4, 5). Figure 3b illustrates the marker-free 
motion-tracking algorithm. The algorithm estimates the displace-
ment of the epicardial surface from a reference configuration to its 
instantaneous configuration at any subsequent time t. This transfor-
mation of coordinates is used to convert the fluorescence signal from 
the stationary camera frame of reference into the co-moving frame 
of reference. Within the co-moving frame of reference, fluorescence 
signals are essentially artefact-free. The efficacy and quality of the 
motion tracking may be assessed from the examples shown in Fig. 3c.  
The original fluorescence data show that the signal is substantially 
distorted by tissue motion, rendering a quantitative analysis impos-
sible. However, within the co-moving reference frame, artefacts are 
significantly reduced, allowing the voltage and calcium signals to be 
reliably retrieved. Simultaneously, non-rigid motion tracking provides 
a measurement of the tissue coordinates and local deformation of the 
cardiac tissue as a function of time. An example of a simultaneous 
measurement of membrane voltage, calcium and the corresponding 
strain rate is shown in Fig. 3d (Supplementary Video 8). The time series 
show that the tissue experiences deformations that correlate with the 
sequence of electrical activation.
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Figure 1 | Measurement of intramural mechanical filament-like phase 
singularity. a, Double scroll wave (phase) and U-shaped mechanical 
filament (red) recorded at 134 volumes per second during ventricular 
tachycardia inside the left ventricular wall (LVW) of a contracting 
Langendorff-perfused pig heart using 4D ultrasound (Supplementary 
Video 1 and Extended Data Fig. 1 a, b). LV, left ventricle; RV, right 
ventricle; RVW, right ventricular wall; PS, phase singularity. b, Figure-
of-eight spiral wave (membrane voltage) on the surface of the left and 
right ventricle with two phase singularities obtained by recording 

optical mapping data at the same time as the recording shown in a. The 
ultrasound transducer is indicated by (4); the white lines indicate the field 
of view. c, Schematic of the experimental setup. (1) temperature-controlled 
perfusion bath; (2) Langendorff-perfused pig heart; (3) high-speed 
EMCCD(electron-multiplying charge-coupled device) cameras (only two 
shown) and LED illumination (not shown); (4) 4D ultrasound transducer; 
(5) acoustic window (membrane); (6) 3D field of view of ultrasound 
transducer. See the Methods for details. d, Detail (front and top view) of 
the U-shaped mechanical filament (red) of the scroll wave shown in a.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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(Fig. 2a and Extended Data Fig. 9c). In general, we found that the 
cardiac muscle exhibits deformations during cardiac fibrillation20 
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experimentally observed mechanical filaments inside the ventricular 
wall may be intrinsic dynamical entities that can be used to characterize 
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ment of the epicardial surface from a reference configuration to its 
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mation of coordinates is used to convert the fluorescence signal from 
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of reference. Within the co-moving frame of reference, fluorescence 
signals are essentially artefact-free. The efficacy and quality of the 
motion tracking may be assessed from the examples shown in Fig. 3c.  
The original fluorescence data show that the signal is substantially 
distorted by tissue motion, rendering a quantitative analysis impos-
sible. However, within the co-moving reference frame, artefacts are 
significantly reduced, allowing the voltage and calcium signals to be 
reliably retrieved. Simultaneously, non-rigid motion tracking provides 
a measurement of the tissue coordinates and local deformation of the 
cardiac tissue as a function of time. An example of a simultaneous 
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Figure 1 | Measurement of intramural mechanical filament-like phase 
singularity. a, Double scroll wave (phase) and U-shaped mechanical 
filament (red) recorded at 134 volumes per second during ventricular 
tachycardia inside the left ventricular wall (LVW) of a contracting 
Langendorff-perfused pig heart using 4D ultrasound (Supplementary 
Video 1 and Extended Data Fig. 1 a, b). LV, left ventricle; RV, right 
ventricle; RVW, right ventricular wall; PS, phase singularity. b, Figure-
of-eight spiral wave (membrane voltage) on the surface of the left and 
right ventricle with two phase singularities obtained by recording 

optical mapping data at the same time as the recording shown in a. The 
ultrasound transducer is indicated by (4); the white lines indicate the field 
of view. c, Schematic of the experimental setup. (1) temperature-controlled 
perfusion bath; (2) Langendorff-perfused pig heart; (3) high-speed 
EMCCD(electron-multiplying charge-coupled device) cameras (only two 
shown) and LED illumination (not shown); (4) 4D ultrasound transducer; 
(5) acoustic window (membrane); (6) 3D field of view of ultrasound 
transducer. See the Methods for details. d, Detail (front and top view) of 
the U-shaped mechanical filament (red) of the scroll wave shown in a.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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       Electric shocks:   energy  360J (external)   40 J (internal)   1000 V 30 A 12 ms 
Severe side effects:   tissue damage - traumatic pain

G.P. Walcott et al., Resuscitation 59, 59-70 (2003)
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Defibrillation

Defibrillation

external
ICD 
housing

electric	 
field

electrode

internal

Principle:   Reset electrical activity of all cells by synchronous excitation 

Terminating Cardiac Arrhythmias
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Terminating Cardiac Arrhythmias

Blood vessels, scars, fatty tissue 
• are obstacles to electrical conduction 
• may act as virtual electrodes 

Virtual Electrodes

Super-threshold depolarization leads to wave emission 
if a short rectangular electric field pulse is applied.

A. Pumir and V. Krinsky, J. Theor. Biol. 199, 311 (1999); P. Bittihn et al., Phys. Rev. Lett. 109, 118106 (2012)
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Terminating Cardiac Arrhythmias

Recruiting Networks of Virtual Electrodes for Terminating Cardiac Arrhythmias

Animation: T. Lilienkamp
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-80	20 mV

Membrane Potential

N = 5 low energy pulses  
E = 1.4 V/cm 
dt = 90 ms

Pulse Generator 
Power Amplifier S. Luther et al., Nature 475,  235 (2011)

Low-Energy Anti-Fibrillation Pacing (LEAP)
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Transient Chaos

Simulation  
in a rabbit heart geometry

Sebastian Berg 
Daniel Hornung  
Marion Kunze

Transient Scroll Wave Dynamics during Ventricular Fibrillation

Experiment 
Optical mapping 
of a rabbit heart

Thomas Lilienkamp
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Simulation using the 
Fenton-Karma model

�u

�t
= � · D�u � IIon(u,h)/Cm

�h

�t
= g(u,h)
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gating variables h = (v, w)
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Transient Chaos

T. Lilienkamp and U. Parlitz, Phys. Rev. Lett. 120, 094101 (2018)



ISINP 2019 !26

escape rate κ  
quantifies how fast trajectories 
from random initial conditions 
escape the chaotic saddle and 
reach the final (non-chaotic) state

Chaotic transients and the average lifetime in 2D simulations
Fenton-Karma model 3000 initial conditions

average transient lifetime�T � � 1
�
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Transient Chaos

fraction of trajectories still showing 
chaotic dynamics at time t

velocity, respectively]. Figure 1 shows snapshots of the
chaotic dynamics (variable u ) of the discussed models (AP,
FK1, and FK2) in a rectangular two-dimensional domain.
The escape rate κ is the quantity that measures how fast

random initial conditions (which are governed by the
chaotic dynamics) escape the chaotic saddle and reach
the final (nonchaotic) state. By generating many initial
conditions and determining the fraction that still shows
chaotic dynamics at time t, NChðtÞ, the escape rate κ can be
extracted, since this quantity typically decreases exponen-
tially in time with NChðtÞ ∼ expð−κtÞ [12].
As a first step, we investigated the role of the system size

in 2D simulations. In [13] two types of supertransients
(systems where the escape rate decreases rapidly with the
system size) are distinguished. In systems of type-I super-
transients (nonstationary transients), the number of objects
which are essential for the chaotic dynamics (e.g., “defects”
or “regions of turbulence”) decreases in time, and the
dynamics converge over time to the final state. For this
class of systems, the dependence of the escape rate κ on the
system size L can usually be described by a power law
[Eq. (6), with β > 0]. In systems that show transients of
type-II in comparison, the transition to the final attractor is
abrupt, and cannot usually be predicted by quantities like
time series. The escape rate κ increases exponentially with
the system size L [Eq. (7), with the parameters a > 0 and
γ > 0],

κðLÞ ∼ L−β; ð6Þ

κðLÞ ∼ expð−aLγÞ: ð7Þ

Instead of the escape rate κ in the following the inverse
escape rate is considered, which is an estimate for the
average transient lifetime hTi ≈ 1=κ [12].
In 2D simulations on a rectangular domain, the

average transient lifetime was determined for various
sizes of the 2D simulation area. While keeping the grid
spacing h constant for each model, the simulation
domain Lx × Ly ¼ ðNxhÞ × ðNyhÞ was increased by
changing the number of grid points (Nx×Ny∈
½80×80;90×90;100×100;110×110;120×120;130×130%).
For each domain size, 3000 initial conditions were

created (details about the induction protocol can be
found in the Supplemental Material [10]). Self-termination
of a simulation was declared when the overall excita-
tion (dynamic variable u ) came below a threshold
(ð1=Lx × LyÞ

P
i;ju ij < 0.001). For the determination of

hTi from NChðtÞ an initial amount of time, which is equal to
10 spiral periods, was discarded. The average transient
lifetime was determined for all three models (AP, FK1,
FK2) for the different domain sizes.
Figure 2(a) shows NChðtÞ exemplary for FK1 and a

domain size of Lx × Ly ¼ 100 × 100. An exponential
scaling of the average transient lifetime with the domain
size (area ¼ Lx × Ly) in 2D was confirmed in all three
models [Fig. 2(b) for FK2 and AP, and Fig. 2(d) for FK1,
respectively]. In fact, supertransients of type-II were
identified with coefficients γAP ¼ 1.3843 & 4.2 × 10−3,
γFK1¼1.2274 & 6.9×10−4, γFK2 ¼ 0.8813 & 2.8 × 10−2,
aAP¼4.5851×10−6 & 8.6×10−11, aFK1 ¼ 4.4123 × 10−5&
1.3 × 10−10 and aFK2 ¼ 7.1151 × 10−4 & 1.5 × 10−6. It is
noteworthy, that the actual scaling parameter γ is not only
determined by the choice of the cell model (Aliev-Panfilov,
Fenton-Karma) but also sensitively depends on the choice
of model parameters.
The identification of supertransients of type-II can

also be confirmed in the underlying dynamics of the
investigated excitable systems: The chaotic dynamics are

(a) (b) (c)

FIG. 1. Snapshots of the spatiotemporal dynamics for the three
investigated systemsAP (a), FK1 (b), and FK2 (c) (domain sizes
Lx × Ly of 80 × 80, 100 × 100 and 150 × 150, respectively).
(White) circles indicate the phase singularities (organizing
centers) of the spiral waves.

(a) (b)

(c) (d)

FIG. 2. Chaotic transients and the average lifetime in 2D
simulations. In subplot (a) NChðtÞ is shown over time [measured
in spiral rotations (Tsp)] for an exemplary domain size of
Lx × Ly ¼ 100 × 100 using the FK1 model. The average tran-
sient lifetime hTi ≈ 1=κ can be extracted by fitting the exponen-
tial decay [(red) dashed line]. In (b) the average transient lifetimes
are plotted for various system sizes for both models: AP (open
square) and FK2 (right pointed triangle). For FK1, the lifetime
distribution of phase singularities for a simulation domain of
Lx × Ly ¼ 100 × 100 was determined (c) as well as the mean
number of phase singularities NPS (filled square) and the average
transient lifetime hTi (open circle) for various area sizes (d).

PRL 119, 054101 (2017) P HY S I CA L R EV I EW LE T T ER S
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NCh(t) � exp(��t)
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T. Lilienkamp et al., Phys. Rev. Lett. 119, 054101 (2017)
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Chaotic transients and the average lifetime in 2D simulations

average transient lifetime�T � � 1
�
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increases exponentially with system size

velocity, respectively]. Figure 1 shows snapshots of the
chaotic dynamics (variable u ) of the discussed models (AP,
FK1, and FK2) in a rectangular two-dimensional domain.
The escape rate κ is the quantity that measures how fast

random initial conditions (which are governed by the
chaotic dynamics) escape the chaotic saddle and reach
the final (nonchaotic) state. By generating many initial
conditions and determining the fraction that still shows
chaotic dynamics at time t, NChðtÞ, the escape rate κ can be
extracted, since this quantity typically decreases exponen-
tially in time with NChðtÞ ∼ expð−κtÞ [12].
As a first step, we investigated the role of the system size

in 2D simulations. In [13] two types of supertransients
(systems where the escape rate decreases rapidly with the
system size) are distinguished. In systems of type-I super-
transients (nonstationary transients), the number of objects
which are essential for the chaotic dynamics (e.g., “defects”
or “regions of turbulence”) decreases in time, and the
dynamics converge over time to the final state. For this
class of systems, the dependence of the escape rate κ on the
system size L can usually be described by a power law
[Eq. (6), with β > 0]. In systems that show transients of
type-II in comparison, the transition to the final attractor is
abrupt, and cannot usually be predicted by quantities like
time series. The escape rate κ increases exponentially with
the system size L [Eq. (7), with the parameters a > 0 and
γ > 0],

κðLÞ ∼ L−β; ð6Þ

κðLÞ ∼ expð−aLγÞ: ð7Þ

Instead of the escape rate κ in the following the inverse
escape rate is considered, which is an estimate for the
average transient lifetime hTi ≈ 1=κ [12].
In 2D simulations on a rectangular domain, the

average transient lifetime was determined for various
sizes of the 2D simulation area. While keeping the grid
spacing h constant for each model, the simulation
domain Lx × Ly ¼ ðNxhÞ × ðNyhÞ was increased by
changing the number of grid points (Nx×Ny∈
½80×80;90×90;100×100;110×110;120×120;130×130%).
For each domain size, 3000 initial conditions were

created (details about the induction protocol can be
found in the Supplemental Material [10]). Self-termination
of a simulation was declared when the overall excita-
tion (dynamic variable u ) came below a threshold
(ð1=Lx × LyÞ

P
i;ju ij < 0.001). For the determination of

hTi from NChðtÞ an initial amount of time, which is equal to
10 spiral periods, was discarded. The average transient
lifetime was determined for all three models (AP, FK1,
FK2) for the different domain sizes.
Figure 2(a) shows NChðtÞ exemplary for FK1 and a

domain size of Lx × Ly ¼ 100 × 100. An exponential
scaling of the average transient lifetime with the domain
size (area ¼ Lx × Ly) in 2D was confirmed in all three
models [Fig. 2(b) for FK2 and AP, and Fig. 2(d) for FK1,
respectively]. In fact, supertransients of type-II were
identified with coefficients γAP ¼ 1.3843 & 4.2 × 10−3,
γFK1¼1.2274 & 6.9×10−4, γFK2 ¼ 0.8813 & 2.8 × 10−2,
aAP¼4.5851×10−6 & 8.6×10−11, aFK1 ¼ 4.4123 × 10−5&
1.3 × 10−10 and aFK2 ¼ 7.1151 × 10−4 & 1.5 × 10−6. It is
noteworthy, that the actual scaling parameter γ is not only
determined by the choice of the cell model (Aliev-Panfilov,
Fenton-Karma) but also sensitively depends on the choice
of model parameters.
The identification of supertransients of type-II can

also be confirmed in the underlying dynamics of the
investigated excitable systems: The chaotic dynamics are

(a) (b) (c)

FIG. 1. Snapshots of the spatiotemporal dynamics for the three
investigated systemsAP (a), FK1 (b), and FK2 (c) (domain sizes
Lx × Ly of 80 × 80, 100 × 100 and 150 × 150, respectively).
(White) circles indicate the phase singularities (organizing
centers) of the spiral waves.
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(c) (d)

FIG. 2. Chaotic transients and the average lifetime in 2D
simulations. In subplot (a) NChðtÞ is shown over time [measured
in spiral rotations (Tsp)] for an exemplary domain size of
Lx × Ly ¼ 100 × 100 using the FK1 model. The average tran-
sient lifetime hTi ≈ 1=κ can be extracted by fitting the exponen-
tial decay [(red) dashed line]. In (b) the average transient lifetimes
are plotted for various system sizes for both models: AP (open
square) and FK2 (right pointed triangle). For FK1, the lifetime
distribution of phase singularities for a simulation domain of
Lx × Ly ¼ 100 × 100 was determined (c) as well as the mean
number of phase singularities NPS (filled square) and the average
transient lifetime hTi (open circle) for various area sizes (d).
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no. of phase  
singularities 
increases 
linearly

Transient Chaos

• Larger heart muscle volumes increase 
the risk of cardiac arrhythmias and 
related morbidity and mortality.  
➙ due to longer transients and more     
     phase singularities (??) 

• Impact of (finite) pertubations changes 
during some period of time prior to the 
end of the transient.  
➙ precursors for end of arrhythmia (??) 
      

T. Lilienkamp and U. Parlitz,                                 
Phys. Rev. Lett. 120, 094101 (2018),                 
Phys. Rev. E 98, 022215 (2018)
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The heart  
• consists of a network of electrically and mechanically coupled excitable elements 
• forming an excitable medium that supports plane waves, spiral waves, and  
• (life-threatening) spatio-temporal chaos (e.g., ventricular fibrillation) 
• that can be transient and exhibits complexity fluctuations and  
• provides an ambitious target for (low-energy) control methods (defibrillation)

Thank you!

Summary
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Outlook: Interaction with other organs, in particular heart & brain  
               ➙ Network Physiology


